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Hence: Each I-center of a triangle lies on three of the six circles which pass through 
the pairs of vertices of the triangle and have for their centers the mid-points of the 
arcs subtended by the respective sides of the triangle on its cireumcircle. 

Each of the six circles contains two I-centers, and the two points are the extremities 
of a diameter. 

6. The six circles (5) may be used for the construction of the I-centers of the 
triangle. Therefore: If the mid-points of the six arcs subtended by the sides of a 
triangle on its circumeircle are given, the I-centers of the triangle may be constructed 
by use of the compass alone. 

7. The two circles (E), (£’) passing through B, C and having for their re- 
spective centers E, EL’ (2, 4), are independent of the position which the vertex A 
occupies on the circumcircle (QO) of the triangle ABC. Consequently: If a vari- 
able triangle has a fixed base and a fixed circumcircle, its four I-centers describe two 
circles, each passing through the two fixed vertices and having for their respective 
centers the extremities of the diameter of the circumcircle which ts perpendicular to 
the fixed side. 

8. Let Mo,3, Mz} (Fig. 2) denote the mid-points of the two ares of the 
circle (C) subtended by the side BC of the quadrilateral ABCD inscribed in (C), 
the point M23 being the mid-point of the arc which contains the points A, D. 
A similar notation will be adopted for the mid-points of the ares into which (C) 
is divided by each of the other three sides and by each of the two diagonals of 
the quadrilateral. Thus Mj,;, for instance, will denote the mid-point of the 
arc subtended by the diagonal AC and which contains the point B. The figure 
thus involves twelve such mid-points M. 

The four points A, B, C, D taken three at a time, determine four triangles, 
each of which has four J-centers, so that we have in all sixteen J-centers. The 
incenters of the four triangles BCD, CDA, DAB, ABC, will be denoted by P, Q, 
R, S, and the excenters of the triangle BCD relative to the vertices B, C, D, by 
P,, P3, Ps, respectively. Similarly for the excenters of the other three triangles. 

The I-centers P, P,, of the triangle BCD are the points of intersection of the 
circle (M2,3) having for its center the point M2,; and passing through B, C (2) 
with the line DM.2,3, while the J-centers P2, P; are the points of intersection of 
the line DM23 with the circle (M$) (4). Similarly for the J-centers of the 
other triangles. The circle (M>,3) contains the I-centers P, P,, of the triangle 
BCD, and the I-centers S, 8; of the triangle ABC. Similarly for the other eleven 
(M) circles. Thus we obtain the following table, where the (M) circle and the 
I-centers lying on it are written in the same horizontal line, on the same side of 
the vertical line. 


TaBLeE II. 
§ (M2,s) S, Si, P, Pe | Ss, Ss, Po, Ps ) 
(M,, 4) R, R:, Q, Q; Q:, R, R, 
f (M,, 2) R, R,, S, Ss Ri, Ro, Si, 4) 
U(Ms,4)  P, Po, Q,Q Ps, Ps, Qs, Qa 
(Mt ,) Qs, S, Se Q, Qs, Si, Ss (MF ,) 
) 


Po, Pe R, R, Ps, Ra, R, 
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Hence: The sixteen I-centers of the four triangles obtained by taking the vertices of 
an inscribed quadrilateral three at a time, lie on twelve circles. Each I-center lies 
on three circles. Each circle contains four I-centers. The centers of those twelve 
circles all lie on the circumeirele of the quadrilateral. 

9. The two pairs of J-centers lying on the same (./) circle (8) are the extremi- 
ties of two diameters of this circle (2, 4). Therefore: The four I-centers lying on 
the same circle form a rectangle. 
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10. Let H be the point of intersection of the line M,,.M3,4 with the line 
M2,3Mi,4. The angle M;,.HM2,3 is measured by one half of the sum of the arcs 
M,2BM2.3 and M3,4DM,,4. Now 


and 
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Hence the angle M,,.HM>,; has for its measure 
+.(~ AB+ ~ BC+ ~CD+ ~ DA) = }-360° = 90°. 


Therefore: The lines M,,2M3,4, M2,3M1,4 are perpendicular to each other. 

11. The incenter P of the triangle BCD lies on the same side of BC as the 
vertex D, and is common to the circle (M2,3) (8) and to the bisector DM2,; of 
the angle BDC inscribed in (C). Similarly the incenter S of the triangle ABC 
lies on the same side of BC as A, and is common to (M2,3) and AM,3. Thus the 
incenters P, S lie on the same side of BC as the segment AD and are the points 
of intersection of the circle (M.2,3) with the lines respectively. 

The line Mz,3M,,4 is the bisector of the angle AM2,3D inscribed in (C), and 
therefore also of the angle SM.;P = angle AM.3;D. But the angle SM2,3P 
is a central angle of the circle (M2,3), hence M2,3M,,4 is the perpendicular bisector 
of the chord PS. Similarly the line M,,4M2,3 is the perpendicular bisector of 
the chord QR of the circle (M,,4).. Thus the two segments PS and QR have the 
same perpendicular bisector M2,;M,,4. By an analogous reasoning it may be 
shown that the line M,,.M3,4 is the common perpendicular bisector of the two 
segments PQ and RS. The opposite sides of the quadrilateral PQRS are thus 
perpendicular to the two lines M1,2M3,;, Me,3M:1,, which are themselves per- 
pendicular to each other. Consequently: The four incenters of the four triangles 
determined by the vertices of an inscribed quadrilateral taken three at a time, form a 
rectangle} 

12. The four points PSP,S, lying on the circle (M2,3) (8), form a rectangle 
(9), hence PS; is perpendicular to PS at P. On the other hand PQRS forming a 
rectangle (11), the perpendicular to PS at P is PQ, hence the three points Q, P, 
S, are collinear. The three points FR, S, P, are collinear for similar reasons, and 
the two lines QPS, and RSP, are parallel, as opposite sides of the rectangle PQRS. 
Considering the rectangles PQP2Q, (8, 9) and PQRS (11), it may be established 
in a similar way that we have the two parallel lines RQP2 and SPQ. 

RP,R,P, and PSP,S, are rectangles inscribed in the circles (M?.,) and (Mz,3) 
respectively (8, 9), hence the lines P,R, and P,S, are the respective perpendiculars 
to the lines RP, and SP, at Ps; but the three points R, S, P, are collinear (12), 
hence the lines P,R;, PS, coincide, and the three points P;, S;, R; are collinear. 
Considering the two rectangles RP,R,P, and PQP2Q:, it may be shown in a 
similar way that the points Ps, Q,, R are collinear. 

Thus the parallel QPS, through P to the side RP, of the rectangle RP;R,P2 
meets the side PR, of this rectangle in the point S,;, and the parallel SPQ, 
through P to the side RP, meets the side P,R, in the point Q;, hence PQ,R,S; 
is a rectangle. In an analogous manner it may be shown that we have the 
rectangles QP2S2R2, RQ3P3S3, SPsQiRy. Consequently: If of the four triangles 
determined by the vertices of an inscribed quadrilateral taken three at a time, the 
three triangles are taken having a given vertex in common, the three excenters relative 
to this vertex in the three triangles, are three vertices of a rectangle, the fourth vertex 
of which is the incenter of the fourth triangle. 


1 See this Monrtaty, Vol. XXIV, March, 1917, p. 124. 
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13. The three rectangles PQ,R1S; (12), PQP2Q: (8, 9), and QP2S2R2 (12) 
show that the points Ri, Qi, Pe, S2 are collinear, as well as the points S,, P, Q, Re, 
and the two lines are parallel. Similar considerations may be applied to the 
three rectangles PSP,S,; (8, 9), PQRS (11), QRQ3Re2 (8, 9), and again to the 
series SP,Q,R, (12), SRS3R, (8, 9), RS3P3Q3 (12). Thus we obtain the four 
parallel lines RiQ:P2S2, SiPQR2, PsSRQs, Similarly for the four 
parallel lines RS, Q:PSR,, P.QRS;, SoR2Q3P3. Consequently: The 
sixteen I-centers of the four triangles determined by the vertices of an inscribed 
quadrilateral taken three at a time, lie by groups of four on eight straight lines. The 
eight lines consist of two sets of four parallel lines, and the lines of one set are per- 
pendicular to the lines of the other. 


NOTE ON CONTINUOUS FUNCTIONS. 
By CAPTAIN K. P. WILLIAMS. 


1. The class of continuous functions is at the same time one of the simplest 
and most important in analysis. On account of the character of physical phe- 
nomena, quantities whose variation is of a continuous sort are naturally the 
first considered. In the more recently developed topics in analysis other classes 
of functions are considered, and the idea of continuity does not play such a 
fundamental réle. The considerations that follow are intended primarily for 
those who have just become familiar with the properties of continuous functions 
as developed from a rigorous point of view. As they are of a simple nature they 
may serve as an easy introduction to the study of classes of functions where 
one’s starting point is no longer the idea of continuity. 

When we examine the properties of continuous functions we find that they 
fall into two rather broad classifications. There are those properties that have 
to do with the behavior of the function in the immediate vicinity of a point, and 
those that relate to some character with reference to the interval of definition. 
We could call them properties “im kleinen,” and properties “im grossen.” 
The definition of continuity itself is an example of the first class of properties, 
and the theorem that every continuous function has actual extrema in a closed 
interval, an example of the second. Thus we see how strongly properties of a 
function “im kleinen” effect its behavior “im grossen.”’ Intimately connected 
with any property “im kleinen” is the question of uniformity; that is we inquire 
whether the property in question occurs in a uniform manner throughout the 
interval of definition. And in an analogous manner we can ask whether a 
property “ith grossen” is true in every sub-interval. With such ideas before 
us we can examine easily how far various properties of continuous functions are 
uniquely characteristic. 

2. We consider a function f(z) which approaches a definite limit at every 
point, but which is not necessarily continuous at any point in the interval (a, b). 
Denote by f’(x) the limit approached. We first prove the 
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Lemma. The function f’(x) has a definite limit at every point. 
Let xo be any point on the interval (a, b), and € any positive number. By 
hypothesis we can find 7 such that 


| fe’) — | 


when | 2a — 2’| <n, and |a—2”|< 7 and 2’ and x” are both different 

from ao. Take 2; and 22 any two points in the interval | 2) — 2| < n, then we 
n 

can find x’ and 2”’ so that 


—f@)|<6 


while x’ and x” are also both in the interval | 2 — 2| < » and are different 
from 2%». It follows then that 


| — | < 8¢, 


which establishes the property announced. 
We can go a step farther and state 
Theorem 1. The function f'(x) is continuous. 
We have 
If'(@o) —f@|<« for <4, 


and from what we have just proved, 
| f’ (a1) — f' (ae) | é, for | %1 | < | To — X2 | 


Let now 7 be the smaller of 7 and 6, and let 2; and 2, be in the interval | x — 2p | 
<7. We can find an Z in this interval such that 


while at the same time from the manner of choice of 7, 
| — f’(a2) | < for | — < 7, 


which shows at once that f’(x) is a continuous function. 
Theorem 2. If f(x) approaches a limit uniformly on (a, b) it will be a continuous 
function. 


Under the hypothesis we can find 7 such that 
| f’(@o) —f(a)|<e, for 9, 


We thus have 


uniformly for 29 on (a, b), the number e being arbitrary. Take 2, 22 any two 
points in | — | < 7/2; then 


| f(w2) — f’(ao) | <e. 


But we also see that 


| f(w2) — | <¢, | f(x0) — | 
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It therefore follows that 
| f(%0) — f’(xo) | < 


f (xo) = f’ (xo). Q. E. D. 


Thus in place of the ordinary definition of continuity we could adopt the 
following: A continuous function is one that possesses a limit at every point, and in 
which the limit is approached uniformly. This gives us a property “im kleinen,” 
if existent uniformly, as completely characteristic of continuity. 

3. We now put 6(x) = f’(x) — f(x) and examine the nature of the function 
thus defined. Let 6 be the greatest lower bound of the function | (x) | on 
(a, b). We prove 

Theorem 3. The quantity 6 is equal to zero. 

Suppose 6 + 0; then at every point | 6(z) | >> 0. Then for any 2’ we 
can find a & such that 


| f(z) — fla’) | > 5, when |a—2’|< &, 2’. 


so that 


Consider now a point ao. Since f’(xo) is the limit approached we have 
Ifa) when 
£ being a sufficiently small positive quantity. Therefore 
— f(x") |< when | a’ — ao| < &, and — < &. 


Now consider 2’ as fixed. We can then find an interval in the interval | 2 — 2» | 
< &, containing x’, and such that when 2” is in this interval we also have 


|>5, 


and have thus reached a contradiction. 

Corollary. In every sub-interval of (a, b) the greatest lower bound of 6(x) is 
zero. 

Denote by # a point such that in every vicinity of it the greatest lower bound 
of | 6(a) | is zero. It follows that 

Theorem 4. The points Z are everywhere dense. 

4, We next consider a property “im grossen,”’ which in itself is not sufficient 
to completely characterize continuity,’ but which we shall suppose is true in 
everv sub-interval. 

‘Theorem 5. Let f(x) be a function such that in every interval containing xp it 
assumes all values between any two of its values; further suppose it assumes any value 
only once; then f(x) 1s continuous at x = 2. 


1K. P. Williams, Concerning a Certain Totally Discontinuous Function, Bulletin of the 
American Mathematical Society, vol. 21, 1914, pp. 117-120. 
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Let (a1, b;) be any interval containing 29, and let M;, m, be the bounds of 
the function on (a), b;); then the function assumes all values between m,; and M,. 
Take the case where m; < f(a) < M;. Continue in this way where aj, d, 
a3, *** approach 2, and likewise by, be, bs, ---. Let M;, m; be the bounds of the 
function on (a;, 6;). Then both M,, Me, --- and mi, me, --+ approach f(2o). 
Suppose for instance that M,, M2, M3, --- do not approach f(ao), but have 
M > f(ao) as greatest lower bound. Take k, where f(a) < k < M, then there 
is one value on such that = k. Let 7 be large enough that (a;, 
does not contain ; then we must have M; < k, or otherwise there would be a 
root of f(z) = k on (a;, b,), which is impossible. But this contradicts the assump- 
tion that M is the greatest lower bound of M,, Mo, ---. Since My, Mo, --- and 
mM, M2, «++ both tend to f(x) it follows that f(x) is continuous at z = 2%. 

The cases other than that where m; < f(ao) < M, follow in a similar way. 


Corollary. The theorem is true of f(x) assumes any value at most n times, n a 
constant. 


NOTE ON FUNCTIONS WHICH APPROACH A LIMIT AT EVERY 
POINT OF AN INTERVAL. 


By E. W. CHITTENDEN, University of Illinois. 


In the foregoing paper Captain Williams has discussed properties of functions 
which approach a limit at every point of an interval. It is the purpose of this 
note to present the following theorem: 

THEOREM. If a function f(x) has a limit f’(x) at every point x of an interval 
(a, b), then for every positive number o, however small, the number of points at which 
the measure of discontinuity (saltus) exceeds o is finite, and the set of points at which 
f(x) differs from the continuous function f'(x) is at most enumerably infinite. 

At any point x of the interval (a, b) there is for any small positive number e 
an open interval (segment) S,,= —h< 2’ <2+h) such that for any 
point x’ in the segment, distinct from 2, 


e 
ile’) - f'@)| < 
and also, since f’(x) is continuous, 


<j. 


Hence 


= — fle) | <5. 


Therefore the oscillation of the function 6(x) on the set obtained from S, by 
omitting the point z is less than e. 

Every point of the interval (a, b) is enclosed in a segment S, except the points 
@ and b, for which S, = (aSx<at+h), Ss=(b—h< (It is to be 
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understood that h depends on both x and e.) From the Heine-Borel theorem 
(see, for instance, Veblen and Lennes, Infinitesimal Analysis, p. 34) it follows 
that there exists for every e a finite set of points 


a= % < < Lut < 


such that every point of the interval (a, b) belongs to some segment S,,, and that 
for every 2 (= 1, ---, m) the oscillation of 6(x) on S,, is, if we omit the point 2;, 
less thane. Hence if at any point 2 the measure of discontinuity of the function 
5(x), and therefore of f(x), exceeds e, x is some one of the points 2;._ Assign to e 
successively the values 3, 3, 3, ---, 1/n, --- and denote the points corresponding 
to e = 1/n by an; (¢ = 1, 2, 3, «++, mn). The set of all points xn; is enumerable 
and contains the set of all points at which the saltus of 6(x) is positive, which 
must therefore be an enumerable set. The function 6(x), and consequently 
the function f(x), is continuous for every point x not in the set of points 2p, 
since such a point belongs (for every value of m) to a segment S,,, on which the 
oscillation of 6(x) is less than 1/n. 

Consider the classical example of a function continuous at the irrational 
points of an interval and discontinuous at every rational point. The function 
f(x) = 0, if 2 is an irrational point of the interval (0, 1), f(x) = 1/q if x = p/q 
(p and q relatively prime integers and p< q). The function f’(x) exists and 
vanishes identically. Hence 6(x) = — f(x). f(x) is discontinuous on a dense 
enumerable set and possesses the maximum degree of discontinuity permissible 
under the theorem. 

The argument of this note can be extended immediately by means of suitable 
changes of the terminology so as to apply to any abstract set admitting a defini- 
tion of distance and the generalized Heine-Borel theorem. 


THE NINE-POINT CIRCLE OBTAINED BY METHODS OF 
PROJECTIVE GEOMETRY. 


By H. N. WRIGHT, Whittier College. 


Place a mirror of zero dimensions, but with a fixed direction d at a point A. 
Then any line a through A reflects into a line a’ through the same point, and a’ 


1. 


reflects back into a. Moreover by considering the angles of reflection it is clear 
that the pencil described by a is projective to the pencil described by a’. Thus 
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a and a’ are a pair in an involution of lines about A, which we may call a mirror 
involution. The double elements are the line in the direction of the mirror and 
the line at right angles to it. 

Two mirror involutions A and B may be used to set up a quadratic transforma- 
tion! of the plane. Any point P by reflection from A and B goes into a point P’ 
and conversely. In general a straight line transforms into a conic through 


my 
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A and B. However all points of the line AB, other than the points A and B, 
go into the same point C. Now if a mirror involution is placed at C with the 
direction of its mirror bisecting the exterior angle of the triangle ABC at that 
point, it may be shown that any two of the three involutions yield the same 
quadratic transformation.2, Then a conic which is obtained by transforming a 
line passes through A, B and C. 

By following the construction of the transformation it is seen that the vertices 
and the ortho-center of the triangle, whose sides are the directions of the mirrors, 
are the four invariant points I;, I2, J; and I,. Also we see that a point of any 
one of the lines J,;/; transforms into another point of the same line; thus setting 
up an involution of points on J;J; in which J; and J; are the self-corresponding 

1 This is a special case of the quadratic transformation discussed in a paper, ““On the Com- 
bination of Involutions,” by D. N. Lehmer in this Montuty for March, 1911. 

2 See proof in the general case in paper mentioned. We note that this proves the proposition 


that if three lines, one through each of the vertices of a triangle, are concurrent, then their isogonal 
conjugates are concurrent. 
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elements. Hence the midpoint M; of the inner segment J;J; corresponds to the 
ideal point of the line J;J;. From this it follows that the ideal line of the plane 
transforms into a conic through each of the midpoints of the six segments I;I; in 
addition to passing through A, B and C, as noted above. 

We may now show that this conic is a circle. If P is an ideal point the lines 
a and b joining it to two of the mirrors are parallel. Then the sum of the angles 
a, B and y is four right angles. Now as P moves on the ideal line a change in 


Fia. 3. 


the angle a is accompanied by a change in the angle 6 of the same magnitude 
but opposite in sign. Then a+ 8 is constant and hence y = 360° — (a + 8) 
is constant and P’ moves ona circle. It follows, then, that the conic obtained by 
transforming the ideal line of the plane is the nine-point circle of each of the four 
triangles 


THE ROCKY MOUNTAIN SECTION. 


The second annual meeting of the Rocky Mountain section of the Mathe- 
matical Association of America was held at Laramie, Wyoming, under the auspices 
of the University of Wyoming, March 29 and 30, 1918. 

The meeting opened with a dinner in Hoit Hall at 6 P. M., at which the address 
of welcome by Acting President Nelson of the University of Wyoming and the 
response by Professor O. C. Lester, of the University of Colorado, were given. 
After the dinner, an adjournment to the administration building was made and 
the following program was carried out: 

1. Special Courses in Mathematics for Technical Students. Prorrssor S. L. 
Macpona.p, Colorado A. & M. College, Ft. Collins. 

2. The Theory of the Mercury Are. PRoressor J. W. Wooprow, University 
of Colorado, Boulder. 

3. The Length Integral in the non-Euclidean World of Poincaré. PRoFEssoR 
C. E. Stromautst, University of Wyoming, Laramie. 

The purpose of this paper was to derive an integral for length in the non- 
Euclidean world proposed by Poincaré in his “Foundations of Science,” English 
translation by Halsted, page 75. The shortest distance between two points is 
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assumed to be the circle through these points and perpendicular to the boundary 
sphere. The general form of the length integral under this assumption is then 
worked out for the case of the plane. Under the further restriction that trans- 
versals are perpendicular to their extremals, the length integral along a curve 
y = f(x) between two points, P(x, y:) and P(a2, y2), reduces to the form 


V1 + 


where p = dy/dx and R is the radius of the boundary sphere. 

4. The Trend Curve for the Price of Copper. PRoressor C. 8. Sperry, Uni- 
versity of Colorado, Boulder. 

5. A Problem in Geometry. Mr. J. Q. McNart, Colorado Fuel & Iron Co., 
Florence. 

The author gave a new proof for the relation between the side of a regular 
inscribed pentagon and the side of a regular inscribed decagon. 

6. Some Systems of Coérdinates. Proressor G. H. Licut, University of 
Colorado, Boulder. 

This paper dealt principally with intrinsic codrdinates and showed the ex- 
tremely simple form that the equations of some well-known curves and their 
evolutes assume when expressed in terms of these coérdinates. 

7. Mathematics at the Front. Mr. W. H. Hit, Greeley High School, Greeley. 

8. Some Functions of Solid Angles. Proressor J. C. Frrrerer, University of 
Wyoming, Laramie. 

9. The Origin of the name “ Rolle’s Curve.”’ The Origin of the name “ Mathe- 
matical Induction.” PRoressor FLoriAN Casori, Colorado College, 
Colorado Springs. 

The second of these papers by Professor Cajori appeared in the May num- 
ber of this Montuty; the first will appear in a later issue. 

10. The Sine and Cosine Integrals / sin z/x dx and / cos x/x dx in Electromag- 
netism. Proressor C. C. VanNvys, Colorado School of Mines, Golden. 

This paper deals with interesting physical applications of the functions known 
to mathematicians as the sine and cosine integrals. One of the problems dealt 
with is that of determining the equivalent resistance and inductance due to 
radiation of electromagnetic waves of a long straight conductor carrying a har- 
monic alternating current of single frequency such as is employed in the oscillation 
circuits used in radio telegraphy. 

Another problem discussed is that of the electromotive force induced in a 
straight vertical conductor by an oscillatory current in a parallel conductor at a 
great distance from it. In each case, the results are obtained in terms of these 
series. The paper closes with an analysis of the five integrals given below. 
¥ in these series is Euler’s constant. 
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zx : 
Cix = f cos a/x dx = y + loga — a°7/2!2 + 
Kix = y+ loga+ at a7/2!2+ 


Shiz = sinh x/2 dx = «+ + 2°/5!5 + 


Jo 
Chiz = | cosh dx = y + loga + 27/2!2+ 


On account of the length of the program and the interest shown in the papers it 
was found necessary to adjourn at 11 P. M. until 8:30 the next morning, when 
the program was completed and officers were elected for the ensuing year as 
follows: 

CuHatRMAN, C. C. VaNNuys, Professor of Physics, Colorado School of Mines. 
Vicr-CHAIRMAN, S. L. MAcpoNALD, Professor of Mathematics, Colorado A. & M. 

College. 

SECRETARY-T'REASURER, G. H. Liacut, Assistant Professor of Mathematics, 

University of Colorado. 

Five visitors were present and the following fifteen members: C. R. Burger, 
Colorado School of Mines; I. M. DeLong, University ef Colorado; J. C. Fitterer, 
University of Wyoming; W. H. Hill, Greeley High School; O. C. Lester, Uni- 
versity of Colorado; G. H. Light, University of Colorado; S. L. Macdonald, 
Colorado A. & M. College; J. Q. McNatt, Colorado Fuel & Iron Co.; O. A. 
Randolph, University of Colorado; C. B. Ridgaway, University of Wyoming; 
H. M. Showman, Colorado School of Mines; C.S. Sperry, University of Colorado; 
C. E. Stromquist, University of Wyoming; G. P. Unseld, Westminster High 
School; C. C. VanNuys, Colorado School of Mines. 

G. H. Lieut, Secretary. 


THIRD ANNUAL MEETING OF THE OHIO SECTION. 


The third annual meeting of the Ohio Section of the Mathematical Association 
of America was held at the Ohio State University, Columbus, on March 29, 
1918, in connection with the meetings of some sections of the Ohio College 
Association, and the Association of Ohio Teachers of Mathematics and Science. 
Chairman Forbes B. Wiley occupied the chair, being relieved by Professor 
R. B. Allen for an interval. 

The following thirty persons were registered, all but the last eight being 
members of the Association: 

R. B. Allen, Kenyon College; W. E. Anderson, Wittenberg College; G. N. 
Armstrong, Ohio Wesleyan University; C. L. Arnold, Ohio State University; 
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C. B. Austin, Ohio Wesleyan University; Grace M. Bareis, Ohio State University; 
Ethelwynn R. Beckwith, Western Reserve University; R. L. Borger, Ohio 
University; R. D. Bohannan, Ohio State University; W. D. Cairns, Oberlin 
College; William Hoover, Columbus; H. W. Kuhn, Ohio State University; 
G. W. McCoard, Ohio State University; Charlotte Morningstar, Ohio State 
University; C. C. Morris, Ohio State University; Hortense Rickard, Ohio State 
University; S. A. Singer, Capital University; K. D. Swartzel, Ohio State Uni- 
versity; J. H. Weaver, Ohio State University; C. J. West, Ohio State University; 
R. B. Wildermuth, Capital University; Forbes B. Wiley, Denison University. 
Non-members: H. M. Beatty, Columbus; J. C. Boldt, Dayton (Stivers High 
School); Helen Carl, Columbus; J. E. Evans, Columbus; Clarice Hobensack, 
Columbus; J. E. Newell, Columbus; H. O. Rugg, University of Chicago; 
Miskel Schaeffer, Columbus. 

The following program was carried out as arranged by the executive com- 
mittee: 
1. Chairman’s Address. An Experiment with Coérdinates. PRoFressor ForBEs 

B. Witey, Denison University. 
2. The Possibilities of a College Course in Investment Mathematics. ErTHet- 
wynn R. Becxwitu, College for Women, Western Reserve University. 
. Discussion of preceding paper. Proressor C. J. West, Ohio State University. 
. A Prevalent Hyperbola. Proressor WILLIAM Hoover, Columbus, O. 
. A non-Commutative and non-Associative Linear Algebra with an Application 
to Electricity. Proressor R. L. Borcer, Ohio University. 
6. The Equipment and Administration of the Mathematics Departments of the 
Colleges of Ohio. Hortense Rickarp, Ohio State University. 


Or CO 


At 7:30 P. M. there was an informal meeting at the Ohio Union in the nature 
of around table. The subject for discussion was the following: 

7. Statistical Tests in Collegiate Mathematics, especially in College Algebra. 
Leaders of Discussion, Proressor H. O. Ruaa, University of Chicago, PRorEssor 
W. E. AnpErson, Wittenberg College. 

Twenty of those present dined together at Oxley Hall on Friday evening. 
Many remained and participated in the meetings of the Association of Ohio 
Teachers of Mathematics and Science on Saturday. The subject of chief interest 
to mathematicians on this program was the paper by Professor H. O. Rugg on 
Normal Tests in High School Algebra. 


ABSTRACT OF PAPERS. 


1. In his paper on An Experiment with Coérdinates, Professor Wiley used as 
axes of reference, first, parallel lines and later parallel complex planes, plotting 
pairs of numbers as straight lines. He exhibited the graphs for the linear and 
special cases of the quadratic functions in two variables. Emphasis was placed 
upon the fact that this topic had proven to be of interest to undergraduates and 


had opened problems none too advanced for their investigation. The paper 
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aroused interest and gave rise to a twenty-minute discussion on questions 
suggested by it. 

2. In speaking on the Possibilities of a College Course in Investment Mathe- 
matics, Mrs. Beckwith outlined a year’s work for a three-hour course, covering 
the subjects of compound interest, annuities, bond valuation, depreciation and 
life insurance. This course is designed to provide the student with a knowledge 
of the principles of conservative investment which are of personal as well as 
professional value, and is being given this year in Women’s College of Western 
Reserve University. ; 

3. Professor West, in discussing the paper of Professor Beckwith, called 
attention to the difficulty of deciding on the contents of a course in the mathe- 
matics of investment. Such a course may be developed with the idea of furnish- 
ing illustrative material for mathematics, or it may be developed as a component 
part of a course in business administration. Professor West was of the opinion 
that a separate and distinct course of the first type was hardly worth while. 

4. The “prevalent” hyperbola alluded to by Professor Hoover is of form 
axy + be + ay+ec=0. A great variety of instances arising in the teaching 
and reading of pure and mixed mathematics over a considerable range were 
adduced from geometry, mechanics, ete. To illustrate, the locus of the feet of 
normals from a fixed point in the plane of a conic is of the general form above. 

5. In Professor Borger’s paper there is defined a particular non-associative, 
non-commutative linear algebra in two units and the set of theorems pertaining 
to it. It furnishes a vector treatment for the theory of alternating current 
phenomena. Steinmetz has used the complex number system of algebra to 
represent current and electro-motive force, but his number field was not adapted 
to that purpose. Professor Borger develops the algebra that is demanded, 
assuming the Steinmetz postulates as the required conditions for the representa- 
tion of the entities involved. ; 

6. Miss Rickard read a paper giving information in regard to the equipment 
and administration of the mathematics departments of colleges throughout the 
state. Material was obtained by means of a questionnaire sent to the heads of 
the departments of mathematics in Ohio colleges. 

Replies had been received from only a small proportion of the colleges, but 
the information proved to be of so great interest that the Section asked Miss 
Rickard to continue her collection of data and to make a complete report next 
year. 

7. At the round table discussion at 7:30, attended by twenty-two people, the 
leading feature was the talk by Professor Rugg along the lines of his well-known 
work on statistical standardized tests in teaching. He set forth the aims, results. 
and limitations of standardized tests in elementary and secondary instruction 
and indicated their extension profitably to college algebra. A clear conception 
of what he would have the student attain, and ability to see the subject from the 
student’s viewpoint, must be possessed by the successful teacher. Emphasis 
was laid upon four factors entering into educational tests: the pupil’s ability; 
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the subject of instruction; the system of marking; what we mark, ability versus 
performance. 

The discussion was opened by Professor W. E. Anderson, who voiced the 
desirability of our attempting to put into practice the suggestions of Professor 
Rugg in his outline of the work done in the field of mathematics. The desirability 
of greater uniformity and higher standards was emphasized. 

The discussion was continued with interest until adjournment was neces- 
sitated by the closing of the building under the war department regime. 

Secretary Cairns gave a word of greeting from the national Association. 
A hearty expression of thanks was voted Professor Rugg. 

G. N. ARMSTRONG, Secretary. 


BOOK REVIEW. 
SEND ALL COMMUNICATIONS To W. H. Bussey, University of Minnesota. 


Elementary Mathematical Analysis. By Joun WesLEY Youne and FRANK 
Mitietr Morean. The Macmillan Company, New York, 1917. xii + 548 
pages. $2.60. 

Instructors in mathematics who are in sympathy with the recent discussions 
relating to the advisability of unifying the mathematics of the freshman year in 
college will be pleased to see this new text, for it seems to satisfy the present 
demand admirably. It places more emphasis “on insight and understanding of 
fundamental conceptions, less emphasis on algebraic technique and facility of 
manipulation.” It provides for the general cultural aim of mathematical study 
by arranging the course to “cover as broad a range of mathematical concepts 
as possible,” due consideration being given to “modern mathematical disciplines.” 
The disciplinary value of mathematics is sought “primarily in the domain of 
thinking, reasoning, reflection, analysis, not in the field of memory, nor of skill 
in a highly specialized form of activity.” 

The text is distinctive in a number of respects. It embodies many features 
which make for economy of time and for increased efficiency. It employs 
progressive methods and takes advantage of recent developments in teaching 
freshman mathematics. The various topics of analysis are treated as belonging 
to a single science, and the emphasis placed upon the notion of function gives the 
subject a real educational and practical value. The calculus is introduced, 
wherever convenient, by considering the change ratio Ay/Az. 

The book is divided into five parts, of which the first deals with intro- 
ductory concepts. The student is made acquainted, in Chapter I, with the funda- 
mental idea of a mathematical function and its representation by analytic, tabular, 
and graphic methods. This is followed by Chapter II, on the relations of alge- 
braic principles to geometry, which includes an excellent review of algebraic 
technique. 
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The second part, the longest of the five, consists of Chapters HII-X. It 
discusses algebraic, trigonometric and exponential functions. The graphic treat- 
ment of the algebraic functions somewhat resembles the work usually left to 
analytic geometry. Interesting applications of slopes and maximum and mini- 
mum points are made. 

The material in the chapters on trigonometry is well selected and admirably 
arranged. Time is saved’ by developing the trigonometric functions from the 
general angle; and the graphing in polar coédrdinates, another subject usually 
deferred to analytic geometry, adds materially to a clearer conception of the 
variation of the six functions. A section of particular interest at the present 
time is one which discusses the use of angular measurement in artillery service 
and gives several problems on indirect fire. We regret that space did not permit 
more such applications and that simple problems in aviation were not included. 
There is an excellent chapter on the use of logarithms and another on numerical 
computation; in these are considered absolute and relative errors, significant 
figures, and the use of the slide rule. Trigonometric equations, circular measure, 
and the inverse functions are well treated, and throughout the chapters on 
trigonometry there are many practical problems and questions. 

Part III, Chapters XI-XV, takes up the study of analytic geometry. The 
curves, which earlier in the course were studied for the purpose of investigating 
properties of the functions, are here studied from the viewpoint of the equation. 
The familiar loci, the straight line and circle, are treated at length. The chapter 
on conic sections introduces only the most essential properties of those curves. 
Special mention should be made of the excellent chapter on parametric equations. 

Topics in college algebra, including the elementary work in the theory of 
equations, permutations, combinations, probability, the binomial theorem, com- 
plex numbers, and the elements of determinants, occupy Part IV, Chapters 
XVI-XX. The placing of these subjects after the work in trigonometry and 
analytic geometry is logical, for the student is better prepared to understand their 
theory. 

The last part of the book, Chapters XXI-XXII, takes up a study of the 
elements of solid analytic geometry. The idea of a function of two variables is 
emphasized and just enough is given to enable the student to grasp quickly the 
applications of the calculus to volumes and surfaces of solids of revolution. 
Four-decimal-place tables constitute the last nine pages. 

This text is one of the series of mathematical texts edited by Professor 
Hedrick, and like the others is an example of excellent workmanship. The cuts 
and print are clear and attractive and the typographical errors are remarkably 
few. The text is used with much success in liberal arts and engineering classes 
in the University of North Dakota. Both instructors and students are en- 
thusiastic over its adoption. 


Raymonp R. Hitcucock. 
University oF Nortu Dakota. 
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PROBLEMS FOR SOLUTION. 


SEND ALL COMMUNICATIONS ABOUT PROBLEMS TO B. F. FinxeEt, Springfield, Mo. 


2709. Proposed by E. V. HUNTINGTON, Cambridge, Mass. 


The following problem was suggested to the proposer by a professor of biology, who has 
found the result useful in certain problems concerning the equilibrium of chemical reactions. 

Starting with + y — — — = + 2) + (bm +2), Where 
uC1C2C3***Cn = Abibobs-++bm (all the letters being positive), find the limit of z/y as y approaches 
zero; and show that for small values of y, the value of 2/y is always less than this limit. 


2710. Proposed by ROGER E. MOORE, The University of Wisconsin. 


If ax denotes the kth term of an arithmetic progression of order r, and c;, denotes the kth 
binomial coefficient in the expansion of (a — b)" (n being a positive integer), show that 


n+l 
S= > cpa,” = 0, ifn>r. 
k=1 


2711. Proposed by PAUL CAPRON, U. S. Naval Academy. 


Show that the curves (a) a’y;? = x*(a? — 2?)3, (b) a’y.? = x3(a? — x") bound ten areas, of 
which two are each (a?/4)(47 — 4) and the remaining eight are each a?/24. 


2712. Proposed by WILLIAM HOOVER, Columbus, Ohio. 


Given the conic az? + 2hry + by? — 2x = 6. Find the locus on which lie the four points of 
intersection of pairs of tangents to the conic from a pair of points on the z-axis equidistant from 
the origin. 


2713. Proposed by G. PAASWELL, New York City. 
In the design of gravity retaining walls the following relation exists, 


k cos (o’ +a+b) seca _ 1 
tan? b cos b tan? b 
where k, m, ¢’ are constants, a and b are the angles formed by the vertical with (1) the diagonal 
of the section running from the lower left of the section to the upper right, (2) the inside (right) 
face of the wall. The left face of the wall is vertical. Solve the equation for a, either exactly 
or by a good approximation. The area of the wall is given by A = (tan a + tan b)/2, the height 
of the wall is taken as unity. With the first equation given, determine a value of either a or b 
which will minimize this area, 7. e., what relation must exist between a and b to give the most 
economical section of wall? 


2714. Proposed by H. R. HOWARD, University of St. Francis Xavier’s College, Nova Scotia. 


A shuffled pack of 2(p + q) cards contains 2p honors. Show that the chance of securing 
exactly half the honors in taking half the pack is [F(p, q)|? + F(2p, 2q), where F(p, q) denotes the 
number of different sets of p cards which can be selected from (p + q) cards. 

Show also that if one honor is removed from the pack, the chance is not thereby affected. 
Is this true for the chance of getting any other assigned number of honors? 


2715. Proposed by H. R. KINGSTON, University of Manitoba. 


A’, B’, C’ are points on the sides BC, CA, AB, respectively, of the triangle ABC, and AA’, 
BB’, CC’ are concurrent in O. X, Y, Z are the three collinear points in which, by Desargues’ 
theorem, the corresponding sides of the triangles ABC and A’B’C’ intersect. If A’’, B’’, C’’ are 
the vertices of the triangle formed by the lines AX, BY, CZ, show that AA’’, BB’’, CC”’ are 
concurrent. 


2716. Proposed by CLIFFORD N. MILLS, Brookings, South Dakota. 


To a passenger in a train moving at the rate of 40 miles per hour, the rain appears to be 
rushing downward and towards him at an angle of 20 degrees with the horizontal. If the rain is 
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actually falling in a vertical direction, show that the velocity of the raindrops in feet per second 
is 21.35. 


2717. Proposed by ENOS W. WITMER, Sophomore in Franklin and Marshall College. 


Determine the integral values of m and n for which the equation 2‘ + ma?y? + ny! = 2 
has non-trivial solutions. [Carmichael’s Diophantine Analysis, Prob. 13, p. 53.] 


The following problems in volumes XX to XXIII still remain unsolved: 

Algebra: numbers 406, 430, 461; 

Geometry: numbers 446, 470, 472, 478, 494, 501, 510, 519, 523; 

Calculus: numbers 339, 340, 342, 348, 353, 360, 385, 411, 415, 425, 429, 432, 434, 436, 440; 

Mechanics: numbers 277, 279, 285, 287, 291, 308, 309, 313, 315, 322, 328, 335, 343, 344, 348, 
350, 351, 356, 357; 

Number Theory: numbers 189, 190, 191, 192, 200, 205, 231, 232, 234, 239, 245, 247, 260, 261, 
263, 270, 271, 273, 274, 275. 

The editors will be glad to receive solutions of any of these unsolved problems. 


SOLUTIONS OF PROBLEMS. 


Note. 1. Florence P. Lewis sent in a solution of 486 and Albert Babbitt a solution of 493, 
Algebra, after selection for publication had been made and sent to the Editor-in-Chief. 

2. The following correction should be made: On page 24, of the January, 1918, number of 
the Monruaty, 16th line from bottom, for (n? + 1) — 4n, read (n + 1)? — 4n. Enptrors. 


427 (Calculus). Proposed by ROGER S. JOHNSON, Adelbert College, Cleveland, O. 


Of all ellipses cirumscribed about a given parallelogram, the minimum (maximum) with 
regard to area has as conjugate diameters the diagonals of the parallelogram. 


II. Sotution By O. D. Ketioae, University of Missouri. 


I venture to add my solution to those given in the January number of the Monruty because 
it illustrates the fruitfulness of the notion ‘‘shear,” a simple transformation which should doubtless 
find more use in elementary mathematics.1 The codrdinate axes having any position in the plane, 
the transformation x = x’, y = y’ — ax’ defines a shear. The following are invariants: area, 
ellipse, conjugacy, parallelism. 

Suppose EZ’ and £”’ are two ellipses circumscribed about the parallelogram P, the former 
having the diagonals of P as conjugate diameters. A shear may be found which carries E’ over 
into a circle C’, and consequently P into a square R’, since its diagonals are conjugate diameters 
of a circle. Using the letters to denote areas, we have P/E’ = R’/C’. 

A second shear may be found which will carry E’’ into a circle C’’, and consequently P into 
a rectangle R’’, and we have = R"’/C”’. 

But a square has an area whose ratio to that of the circumscribed circle is greater than that 
of any other rectangle. Hence R’/C’ > R’’/C’’, and the above equations yield Z’’ > E’, so 
that Z’ is the circumscribed ellipse of minimum area. 


438 (Calculus). Proposed by PAUL CAPRON, U. S. Naval Academy. 
Find the locus of the equation 


— — 2*)y* — + 3(a? — 2*)?y? — — 2*)y + art — (a? — = 0, 
first showing that it can be reduced to the form 
y = + (a? — 2°), 


and finding the points of maximum abscissa, of maximum ordinate, and of inflection. 


1In fact the idea is used in Young and Morgan’s Elementary Analysis, pages 132, 288, and 289. 
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SOLUTION BY THE PROPOSER. 


Inspection of the two equations shows that m = 3, n = 3, and since the first equation is 
homogeneous in (a, x, y), k = a¥%. The given equation is in fact the result of rationalizing 


y = + Va? — 2. 

Let z/a=sin@. Then y/a = sin?/* 6 + cos @. Hence, y’/a = 2/3 sin-/36 += tan 6, since 
do/dx = sec 6. Hence, y’’/a = — 2/9 sin~*/3 6 = sec? 6. When y’ = 0, tan 6-sin’/? @ = 2/3. Solv- 
ing, 0: = 38° 4.2’, a:/a = 0.6166, and y,/a = .7245 + .7873 = 1.5117 or — 0.0628. The first 
value gives a maximum ordinate. When y’’ = 0, tan* 6 sec @ = (2/9). Solving, 62: = 17° 1’ 
t/a = 0.2927, and y2/a = .4408 + .9562 = 1.38970 or — 0.5154. yo/a’ = 1.0041 F .3061 = 0.6981 
or 1.3102. 

The second value gives an inflection. 

The curve is readily constructed by adding ordinates of the semi-cubical parabola and the 
circle. ‘ 

(a, a) is evidently the point of maximum abscissa. 


Also solved by ADELE Ho.twick. 


439 (Calculus). Proposed by CLIFFORD N. MILLS, Brookings, S. Dak. . 


Find the volume of the greatest rectangular parallelopiped that can be inscribed in the 
ellipsoid 2?/a? + y?/b? + = 1. 


SoLution By C. C. YEN, Tangshan, North China. 


Let P = (z, y, 2) be the vertex of the rectangular parallelopiped lying in the first octant of 
the ellipsoid. Then the volume of the parallelopiped is V = 8ryz. 

Since P lies on the ellipsoid, the coérdinates (x, y, z) satisfy the equation of the ellipsoid, and 
therefore 
(1) V = 8xyz = 8cry(1 — 2?/a? — y?/b?)? = 8c- F(a, y), 


where F(z, y) = x-y(1 — 2x?/a? — y?/b?)/? is maximum when and only when V is maximum. 
Differentiating, we get 


OF = y(l — — + — — 
@) oF 
ay — ata? — + (1 — — 
Equating to zero the left-hand members of (2), we have 


Qb2x2 ay? = a’b?, 2a*y? = a’b?, 
which give 


2 = a? 2 => 4 = 
Differentiating (2), we get 
and 
PP wi 2x? x ¥ ¥\ ( 
( 1 2 { ( 1 a 2 + 2 2 a ’ 
9 
=-— when z = 
N3 N3 
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Therefore, when 


ax? dy? \ dydx 
and since 
oF oF oF 
Ox? 0, dx ay 0, 


we have all the conditions for a maximum value of F(z, y) fulfilled at (a/ +3, b/ 13). 
Hence, finally, substituting in (1), we have the volume of the greatest rectangular parallelo- 
piped inscribed in the ellipsoid equal to Sabe/(3 V3). 


Also solved by L. E. Lunn, L. E. MensenKamp, O. S. Apams, C. E. GITHENS, 
J. L. Ritey, PAut Capron, and H. C. FEEMstTer. 


441 (Calculus). Proposed by J. L. RILEY, Stephenville, Texas. 
Find the minimum value of 


Sf ($4) ‘sin x+(y+2 —sin z)?/sin bar, 


SoLuTIon By Swirt, University of Vermont. 


This problem is indefinite and no solution is possible, until the conditions that the end points 
must satisfy are stated. In fact, if we take y = mz and integrate from 7 + ¢€ to 27 — e, we can 
make the integral as small as desired by decreasing e. 

It is not difficult to find the equation of the extremals. Euler’s differential equation is 
d(Fy’)/dz — F, = 0. This becomes for our problem y” sin? + y’sinz cosx — y = x — sing. 
A solution of the equation where we make the right-hand member zero is 


y = C, tan (z/2) + C2 etn (2/2), 


obtained by taking 2y’ aS an obvious integrating factor. Completing the solution by any one of 
several methods, there results 


y = C, tan (z/2) + C2 etn (2/2) — x + ctn (2/2) log sec? (x/2). 


For any further investigation of the problem, however, a knowledge of the boundary conditions is 
necessary. 


Also solved by ALEXANDER DILLINGHAM. 


349 (Mechanics). Proposed by S. A. COREY, Albia, Iowa. 


A 9-pound weight is attached to a string which passes over a smooth fixed pulley. The 
other end of the string is fastened to and supports a smooth pulley P; of weight 1 pound, over 
which passes a second string to one end of which is attached a 3-pound weight, and the other 
end of which is attached to and supports another smooth pulley P2 of weight 1 pound. Over the 
pulley P: passes a third string supporting weights, 2 pounds and 3} pounds. 

If the system is acted on by gravity alone show that the accelerations of the 9-pound weight, 
34-pound weight, and pulley P2 are 0, 3g, and 4g, respectively. . 

Determine the motion of the weights when pulleys are not smooth, that is, when friction is 
present. 


SOLUTION BY THE PROPOSER. 


Let z = distance of 9-pound weight from center of fixed pulley, y = distance of center of P: 
from center of Pi, and z = distance of 3}-pound weight from center of P2. 

Then will z = velocity of 9-pound weight, — < = velocity of P:, y — & = velocity of Ps 
— ¥ — £ = velocity of 3-pound weight, z + y — ¢ = velocity of 34-pound weight, and — z + 9 
— £ = velocity of 2-pound weight. 
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If T = kinetic energy of entire moving system, and if m represent mass of 1-pound weight, 
we have 
T= [ 9% — +2) + 2) S+ +2 — 


= (2942 + 145? + 83 — + 492 — 442); 


whence, 
(20% — — 28) = (9-1-3 —1-2— =— mg, 
2m — 52 + 22) =(-3 +2+1+ = mg, 
+ — = (—2 + Y)mg = mg, 


which give = 0, 7 = 4g, and Z = 3g, and establishes proof sought if we notice that velocity of 
34-pound weight is #j + 2. 

Inasmuch as the 9-pound weight always remains at rest if the system starts from rest, the 
presence of friction in the fixed pulley would not alter the motion of the system as long as no 
friction be present in the movable pulleys. But if the fixed pulley is frictionless and friction is 
present in the movable pulleys, then the diminished accelerations of the weights and movable 
pulleys on the one side of the fixed pulley must, in part, be offset by an upward acceleration of the 
9-pound weight on the other side, and in part by the heat of friction generated as long as the 
friction is not too great to prevent the revolving of the movable pulleys. 


352 (Mechanics). Proposed by C. N. SCHMALL, New York City. 


A glass rod is balanced partly in and partly out of a cylindrical tumbler, with lower end 
resting against the vertical wall of the tumbler. If g and ¥ are the maximum and minimum 
angles, respectively, which the rod can make with the vertical plane, and @ is the angle of friction, 
show that 

sin’ — sin? y 
sin? cos + sin? cos 


6 = } 


SoLuTION BY WriLL1AM Hoover, Columbus, Ohio. 


Let AB = 2a be the rod with its lower end at A; G, its middle point; P, the point of support 
in the edge of the tumbler; CD, the element of the surface of the tumbler in which A lies; and 
W =the weight of AB. From P draw a perpendicular to CD cutting it in EZ, and, similarly, 
draw GK. 

The rod in either extreme position is kept in equilibrium by its weight acting vertically 
downwards, the two reactions R, S, at A and P respectively, and the friction at A in the direction 
of the element CD and at P in the direction of the rod. 

Resolving vertically and horizontally and taking moments about A, 


W +S tan 6-cos g = Ssin ¢ — Rtan 8, 
S cos ¢ + S tan 6-sin = R, 
W-GK =S-AP, 
Wi(a—2)sing +b) =S-z, 


or 


From the geometry, 
b/sin 
and this in (4) gives 


Wasin? ¢ = b. 


= 

s is 
‘he 
ver 
her 
the 
ht, 
(1) 
1 is (2) 
(3) 
= 
(4) 
|_| 
(5) 
(6) 
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Substituting R from (2) in (1), 
W = S{sin g(1 — tan? 6) — 2 cos ¢ tan 6}. (7) 
(6) + (7) gives 
b/S 
sin g(1 — tan? @) — 2 cos ¢ tan 0° 


asin? g = 


(8) 


For the other extreme angle y, tan @ changes sign, and we have, by analogy, 
b/S 


are sin ¥(1 — tan? 6) + 2 cosy tan 6° (9) 
(8) + (9) gives 
2tan@ _ — sin? 
sin? cos ¢ + sin? cos y’ (10) 


giving the required angle. 
It may be interesting to note that when the upper edge is smooth, the angle of friction is 
twice as great as that in (10). 


Also solved by A. M. Harprne and G. PaaswELL. 
353 (Mechanics). Proposed by CLIFFORD N. MILLS, Brookings, S. Dak. 


A uniform beam of oak, 10 feet long, 15 inches deep and 10 inches wide, sustains, in addition 
to its own weight, a load of 5,000 lbs. placed at the center. Find the greatest bending moment 
and the greatest stress in the fibers. Take the specific gravity of oak as 0.934. 


Sotution By W. J. Tuome, Detroit, Michigan. 


Let 1, b, d be the length, breadth, and depth, respectively, of the beam; M the greatest 
bending moment; 7, the greatest stress in the fibers; and S, the section-modulus of the beam’s 
cross section. Taking the inch and the pound as units and the weight of a cubic foot of water 
= 62.5 pounds, we have 


62.5 
M = 3(5000)l + 3 (oa X 0.934 X l 
= 3(5000)10 X 12 + 3 [ 10 X 15(10 X 12) XK 0.934 X i | 10 X 12 


= 159121 inch-pounds. 
p = M/S = M/jbd? = 6M /bd? = 6 X 159121/10 X 15? = 424 Ibs. per sq. in. 
Also solved by Paun Capron. 


354 (Mechanics). Proposed by G. PAASWELL, New York City. 


The acceleration of an electric train is constant and equal to a ft. per sec. persec. Its braking 
or deceleration is variable and equal to the square root of the velocity. If the distance between 
stations is 5,000 ft., show that the acceleration must cease and braking ensue when the train is 
about 960 ft. from the stopping point; also that the maximum velocity attained for a minimum 
time run is 88 m.p.h. and the time of run is 54 seconds. 


SoLuTion By Paut Capron, U.S. Naval Academy. 


Under a constant acceleration, a final speed of 88 mi./hr., or about 129 ft./sec., is acquired, in 
a distance of 4,040 ft., at the average rate of 643 ft./sec., in about 62.6 secs. The corresponding 
acceleration is 2.06 ft./sec.2.. Evidently the numerical values are incorrect. It will appear further 
that the distance to be run under acceleration, fhe greatest velocity acquired and the time of run 
are all dependent on the acceleration, and that the time of run is a minimum (about 39.15 secs.) 
when the acceleration is infinite, its duration zero, and the greatest speed about 261} mi./hr. 

Let the corresponding values of time in seconds, distance in feet, and speed in feet per second, 
be t, s, v at any point between stations, and let these letters, with appropriate subscripts, represent 
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the particular values at Po, the starting point, Pi, the point where acceleration ceases, and P2, 
) the stopping point. It is assumed that each of the values fo, so, vo and v2 is zero, and that 
s. = 5,000; that the acceleration is a constant, a, from Po to Pi, and is equal to — Wmv from 
P; to Pe, m having the units ft./sec.*. 


) From Pp» to P:, dv/dt = v(dv/ds) = a, so that, under the initial conditions, [A] 4: = v:/a. 
[B] s: = 
From P; to Ps, du/dt = v(dv/ds) = — 
) so that, under the final conditions, tg — t: = (2/ ee 82 — 8 = (2/3 Vm)v,3?, or 
V1 2 2 
C] [M] = =- + 
3 @ vm 3Vm 
From [4], (B], (Cl, 
4 2v,3/2 
a 4 3 3Vm 
From [7], 
st when v; = ©, which is impossible by [M], since se is finite, and when v; = 2; = (6 Vm 82)?/3, 
’s When »v; = 01, moreover, a = — (6s2m?)'/3, s; = — 382, so that, as a and s; must be positive, 
or dt,/dv; vanishes only under impossible conditions. 


Differentiating [N], [a], [8], [vy] and using [M] to eliminate s2, we find 


dv 
1 2 2_) 
— dv. 
Nmv; 


Since each of the values a, »;, and Vm is positive, it appears from [I-IV] that as a is increased, 
v; increases and 81, tg decrease. 


da =2 do, [II] dts 


ds; = — [IV] dt 


From [M], 
1g so that, asa = © (82 being finite), 
n 3 
is v, = (3s:vm) 
m 
and from [C], 
= ( m ) 
in From [A] and [B], 4: = 0 and s; = 0. 
T4 Consequently, the greater the acceleration, the shorter will be the time and distance through 
or which it lasts, the greater will the velocity become, and the sooner will the train arrive. For the 
in quickest run, the train should be shot from a gun with a muzzle velocity of about 261} mi./hr., 
.) braking to start immediately (with an initial intensity of about 1,362 lbs. to the (long) ton). 
If = x, we have + (4a/3)z? = = 10,0004, t; = to = (x?/a) + 2x, 81 = (x4/2a), 
d, 8 — 8; = 923, [m = 1 ft./sec.*, se = 5,000 ft.]. From these the following values may be com- 


at .puted: 


| 

| 
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x | (ft./sec.) | (mi./hr.) | ty (secs.) (secs.)| (secs.) | (ft.) | (ft.) 


| 
1 | 9.6825) 93.75 | 63.92 | 93.754 19.365 | 113.12 4,394.9 | 605.1 
2 | 11.278 | 127.2 | 86.72 | 63.595 | 22.555 | 86.15 4,044.5 | 955.5 
3 12.264 | 150.4 | 102.55 | 50.13 24.53 | 74.66 3,770.3 ‘1,229.7 
100 18.735 | 351.0 | 239.32 3.51 37.47 | 40.98 616.0 | 4,384.0 
cd 19.573 | 383.15 | 261.24 | 0 39.149 | 39.15 0 5,000 


355 (Mechanics). Proposed by HORACE OLSON, Chicago, Il. 


A solid spheroid, axes a, a, b, is placed with its axis of revolution vertical. From its highest 
point a particle is projected horizontally with a speed s. Where will it leave the spheroid, assuming 
that it slides on the surface without friction? 


SoLuTion By WiLi1AM Hoover, Columbus, Ohio. 


The entire motion is in a vertical central section of the spheroid and all of such sections are 
equal ellipses. 

Let a’y? + bx? = a’b? (1) be the equation of any one of them. 

Resolving tangentially, 


2) 
Multiplying by ds and integrating, 
= 2gy + C. (3) 
When v = u%, y = b, and C = v,? — 2gb, and (3) becomes 
v? = vo? — 29(b — y). (4) 
If p = the radius of curvature, we have, at the point where the particle leaves the curve 
09%. (5) 
Now from (1), 
p = {(at — + + 6) 
and 
— ay + — + (7) 
Substituting (6) and (7) in (5) and reducing, 
(a? — b*)gy* + 3bigy + — 2gb) = 0, (8) 


a cubic for y. Now put a = a/2, b = b/2, v0 = s. 
In (8), if b = a, and v = 0, y = 3a, as is well known for a circle of radius a. 


Also solved by PauL CaAPRON. 


QUESTIONS AND DISCUSSIONS. 


SEND ALL COMMUNICATIONS TO U. G. MitcHett, University of Kansas, Lawrence. 


NEW QUESTION. 


35. Is the theorem given below new or has it previously been published? 

THreorEM. If two parallel planes, + and x’, cut sections from a cylindrical 
surface S and two spherical surfaces 8, and S2, and if the sum of the sections of Se 
is equal in area to the sum of the sections of S and Sj, then the part of S2 included 


q 
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a between + and x’ is equal in volume to the sum of the parts of S and S, included 
between and nr’. 
7 Note. In communicating the above question Mr. Elbert O. Brower, of Cicero, Illinois, 
) says (in substance): ‘The truth of this proposition so easily follows from a consideration of the 
bis ordinary formula for getting the volume of a spherical segment, that it is difficult to suppose that 

it is unknown; yet I am led to wonder how it happens that, if known, it has not been accorded 

the prominence which it would seem to deserve. In sending it to the Monruty I wish to deter- 
est mine whether or not it is original with myself.”—U. G. M. 
ing 

DISCUSSIONS. 
I. RELATING TO THE TRANSITION CURVE. 

are 


By Grorce PaasweE.., Civil Engineer, New York City. 


The transition curve is a so-called railroad spiral used to ease the approach 
(2) to a circular curve. It is defined by its intrinsic equation dg/ds = 2ks, where s 
is the distance along the curve measured from the point of zero curvature and 
k is a constant determined by the special data of the circular curve for which the 


8) transition is an easement. The integration of this equation gives ¢ = ks®. 
Taking the length of the transition as L and the radius of the circular curve as R, 
(4) the value of k is found from the intrinsic equation to be 1/2RL. 
ve From the geometry of the infinitesimal triangle dy =dssing and 
a dx = ds cos ¢, or, substituting from the above the values of ds and s, we have 
1 sing 1 cos¢g l (*sing 
d J, ; dx ——d ; | ; 
(7) 1 * cos 
2Vkd Ve 
(8) Expanding the integrals, integrating term by term and replacing k by its 
value V ¢/s, we get 
Defining two functions, 
t = =z 
ran 3)|2n+1 and cotran ¢ 1)|2n 
we have y= trang, x= cotrang, and, maintaining the same analogy, 
al tatran g = tran g/cotran ¢, so that y= xtatrang. It may be advantageous 
: s to make up tables of these functions, similar to the trigonometric tables, and 
led problems in the transition may be expressed in terms of these new functions. 


At present there is no rigorous mathematical discussion of this curve. 
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It may be interesting to establish the codrdinates of the terminus of the 
transition. Since 


the codrdinates become 2 = Yo = $V2/2k, x = y = 4V7RL. 
The codrdinates of the transition are related to the Bessel functions as follows: 


1 cos 


VT Vo 0 0 


whence y = VrRL S(¢) anda = VrRLC(¢). (Cf. Jahnke and Emde’s Tables, 
p. 23 seq.) 


II. RELATING TO THE GRAPH OF A CuBIC EQUATION HAVING CoMPLEX Roots. 


By Epwin 8. Craw ey, University of Pennsylvania. 


The note on “The Graphical Solution of a Cubic Equation having Complex 
Roots,” pp. 70-71 of the Monruty for February, 1918, recalls to my mind 
something similar which I learned a number of years ago and which might 
possibly interest some readers of the MonrtHLy. 

Every cubic with one real and two imaginary roots is expressible in the form 
(x — k)(x? — 2px + p? + @’) = 0, and the graph of 


y = (x — — 2px + p’ + 


(i. e., of y = aox® + az? + ax + az) always has a form more or less like the 
figure. Then it is easy to show that OM = p and tan MAT = @, where p+ qi 


Y 


are the imaginary roots. AT’ is the tangent to the curve drawn from its real 
intersection with OX. 


For, if OA = k the line y = (a — k) will be tangent to the curve if 


has equal roots, that is, if \ = q?; and y = q°(a — k) touches the curve at x = p. 


* sin * cos 
JS 
| 
T 
O A x 
M 
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[Since the foregoing was put in type the editors have called my attention to 
the fact that the same construction was given by Irwin and Wright in the Annals 
of Mathematics, Vol. 19 (1917), pp. 157-158.] 


III. RELATING TO THE SELECTION OF MATERIAL FOR CLAss REVIEWS. 
By G. R. Criements, United States Naval Academy. 


I would like to suggest as a topic for discussion in the Monruty the best use 
that can be made of the time available for reviews in courses in mathematics. 

It seems to me that the best test of a student’s mental capacity and of his 
mastery of a particular course of study in mathematics is his ability to take a 
pertinent problem and analyze it to see what principles are involved, to select 
for its solution the most suitable tools from those he has been accumulating during 
his term’s work and to use them intelligently to derive and discuss the results that 
must follow from his data. And I know of no better way to help a student to 
correlate his material and get a comprehensive grasp of it than to set him to work 
at the end of a course on a list of problems carefully selected but not closely 
graded. 

When I was teaching at the University of Wisconsin, we secured better 
results than we had previously obtained in the course in mathematical theory 
of investments by going rather quickly through the course and then spending 
a considerable amount of time on just such a list of problems, where the student 
could have no idea in advance as to whether the solution of a particular problem 
involved the principles of the first chapter of his text, or of the last chapter, or of 
both. I have followed a somewhat similar course in analytic geometry, assigning 
twice each term a list of problems from outside the text (and regarded as some- 
what difficult by the students), solutions to be handed in at the end of two weeks, 
the daily work being somewhat lightened in the meantime. 

The increasing list of separate problem texts and the number of texts that 
have considerable lists of general problems as an appendix would seem to make 
such a plan rather easy of introduction so far as the mere selection of material 
is concerned. For example, Miller and Lilly’s Analytic Mechanics has a very 
considerable list of miscellaneous problems, and I can think of no better way of 
reviewing the subject, if that book is being used as a text, than to set the students 
to mastering a selected portion of this list. 

I believe the criticisms that we ourselves and our colleagues in allied depart- 
ments make of the results of our teaching would be considerably softened if we 
could conclude each of our courses by going over its subject matter a last time 
in some such manner as I[ have suggested. 
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UNDERGRADUATE MATHEMATICS CLUBS. 


Epitep By R. C. ArcHiBaLp, Brown University, Providence, R. I. 


The editor earnestly desires that readers should make suggestions to him 
whereby this department may better serve those for whom it is designed. Very 
general codperation in this respect would surely be in the best interests of all 
concerned. 

Every club which has not sent in a complete report of its meetings during ° 
1917-18 is requested to do so as soon as possible. 


CLUB ACTIVITIES. 
Tue MatuEematics CLtuB oF CONNECTICUT COLLEGE, New London, Conn. 


This newest club at the newest New England college was organized last 
December through the inspiration of Professor D. D. Leib. Membership is 
open to those who are taking, or have already taken, a course in mathematics 
beyond the regular freshman requirement. “The two-fold purpose announced 
by the club was to foster in the college a proper appreciation of the claims of 
mathematics upon students, and to acquaint its members, by the presentation 
of formal papers and by informal discussion, with topics of mathematical interest 
or value along lines not likely to be included in regular class work. While at 
least one paper on a definite topic has been presented at each meeting, no 
attempt has been made to confine the informal discussion to any one topic, and 
the concluding half hour or more is enlivened by simple ‘eats’ of some sort.” 
The club had seven members this year. 

Officers: President, Ruth F. Avery 719; secretary, Justine McGowan ’20; 
treasurer, Dorothy Peck ’19. These officers constitute the committee on program 
and arrangements. The absence of seniors is due to the fact that the college is 
just in the third year of its history and the first class will be graduated in 1919. 
The programs of the meetings have been as follows: 

December: “Mathematics and Mathematics Clubs at other Colleges” (particu- 
larly Women’s Colleges)—a general discussion; articles from the MonTHLY 
and other sources were summarized. 

January: “The Fourth Dimension” by Professor Leib. 

February: “Magic Squares” by Margaret Maher ’19. 

March: “Methods of Multiplication, especially with the Roman Notation” by 
Ruth F. Avery 719. 

April 26: ‘ Zeno’s Paradoxes”’ by Ruth F. Avery ’19. 

May 10: “The Mathematics of Actuarial Work” by Justine McGowan ’20. 


THe UNIVERSITY OF SASKATCHEWAN MATHEMATICAL Soctrety, Saskatoon, 
Saskatchewan. 
This Society was formed on November 16, 1916, with an initial membership 
of 12. The average attendance now is about 14. All students interested in 
mathematics are eligible for membership. 
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Officers, 1917-18: Honorary president, Professor L. L. Dines; president, 
Rhoda S. Russell ’i9; secretary-treasurer, Nelson W. Taylor ’18; program con- 
venor, John H. Simester ’20. 

The following meetings of the Society have been held: 

November 30, 1916: “Flatland” by Nelson W. Taylor ’18. 

January 19, 1917: “Non-Euclidean Geometry, Lobachevsky’s System” by Roy 
E. Shuttleworth ’18. 

February 6: “The Squaring of the Circle” by Edward J. Baldes ’18; “A Problem 
on Refraction of Light” by John H. Simester ’20. 

February 20: “The Duplication of the Cube and the Trisection of an Angle” 
by Oscar C. Bridgeman ’18. 

March 15: “A History of Algebra” by J. H. Simester ’20. 

November 16, 1917: Organization Meeting. 

December 7: “The Construction of a Honey Bee’s Cell” by J. H. Simester ’20; 
“A,B, and C—The Human Element in Mathematics,” from S. Leacock’s 
Interary Lapses, read by Nelson W. Taylor ’18. 

January 28, 1918: “The Fundamental Theorems for Geometric Constructions 
by Means of the Compasses alone” by Oscar C. Bridgeman ’16. 

February 15: “The History and Computation of Logarithms” by J. H. Simester 
20. 

March 1: “Application of the Compasses alone to certain Geometric Construc- 
tions including Regular Polygons” by N. W. Taylor 718. 

March 15: “Interesting Relations between Plane and Spherical Geometry” by 
Gladys Shannon ’21; “Parallel Postulates and Riemann’s System of Geom- 
etry’ by Frances Schiltz 


Pr Mv Epsiton Fraternity, Syracuse University, Syracuse, N. Y. 


The Mathematical Club of Syracuse University was founded in November, 
. 1908. After ten years of successful operation it was reorganized into the Pi Mu 
Epsilon Fraternity, which aims to promote mathematics and scholarship. On 
May 25, 1914, this fraternity was incorporated under the laws of the State of 
New York. Among the powers secured in accordance with the articles of incor- 
poration is that of granting charters to other chapters to be organized else- 
where. 

Membership in the chapter is open to “members of the mathematical faculty, 
former members of the club, any person whose work in the mathematical sciences 
is distinguished, former students in mathematics, and major and minor students 
who have taken certain specified courses in the subject and who have attained 
a certain standard of scholarship set by the chapter.” There are 44 members 
in the university this year, 16 of the faculty and graduates, and 28 undergraduates. 
The average attendance at meetings was 30. 

Officers, 1917-18: Director, Professor Warren G. Bullard; vice-director, Pro- 
. fessor John L. Jones; secretary, Helen N. Hale 718; treasurer, Howard A. DoBell 
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’19; librarian,! Cornelia A. Tyler 19. Executive committee: the above officers 
and Christabel A. Christie 718, Edna R. Howe ’18, Charles D. Hurd 18, Rennie 
B. Smith ’18. Scholarship committee: Professors Floyd F. Decker and Louis 
Lindsey, and Helen N. Hale ’18, M. Gladys Medbery ’18 and Lawrence J. Black- 
mar ’18.” 

October 23, 1916: Election of new faculty members. Professor L. Lindsey 
reported concerning the summer meeting of the Mathematical Association 
of America. Other members reported on their summer work. 

November 13: Report of scholarship committee.2 A committee was appointed 
to cast the ballot of Pi Mu Epsilon for officers in the Mathematical Associa- 
tion of America. 

December 4: Initiation of new members. Committee on new books appointed. 
“The Development of the Use of Imaginary Numbers” by Beatrice Reynolds 

December 18: Report of the committee on new books. Christmas Party. 

February 5, 1917: “Integral Equations” by Professor J. L. Jones. 

February: Sleighing Party. 

February 26: “Aggregates” by Johanna B. Guelzow ’17; “The Brachistochrone”’ 
by Harold Hendershot ’17. 

March 19: “The Sphere in Four-Dimensional Space’”’ by Mildred McKay 717. 

March 31: Annual banquet. 

April 16: “ Non-Euclidean Geometry” by Florence Wilcox ’17. 

May 7: “A Discussion of Some New Curves” by Leon V. Foster 17. 

May: Picnic. 

October 8, 1917: Election of new faculty members. Reports of summer experi- 
ences by Professors Edward D. Roe and Decker. 

October 30: “The Emblems of Pi Mu Epsilon” by H. A. DoBell 718; “The 
History and Ideals of Pi Mu Epsilon” by Professor Roe. 

November 19: “Representation of Complex Loci” by Professor Roe. 

December 10: “Some Applications of Mathematics to Modern Warfare” by 
Lawrence J. Blackmar ’18. 

February 11, 1918: “Applications of Mathematics to Economics” by Professor 
J. L. Jones; the scholarship grades of the undergraduate members of the 
chapter for the first semester were read by the scholarship committee and 
discussed, and the grades were put on record in the minutes. 

March 11: “The Relation of Mathematics to Physics and Theoretical Chem- 
istry” by Edna Howe ’18; “The Nature of the Atom” by John J. Hopfield 
16. 

1 A large number of standard mathematical works have been bought by the chapter and are 
kept in the mathematical seminary. The annual dues are one dollar, yet as much as $30 has been 
spent for books in a single year. 

2 The students of this committee are those of highest rank in the senior class. 

’ After discussion the minimum scholarship standard for a new student member was set at 


“cum laude for general work and near to magna cum laude for mathematical work, but in the case 
of sophomores the latter was put distinctly above magna cum laude.” 


Ww 
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April 8: “The Impossibility of Squaring the Circle” by M. Gladys Medbery 718; 
“Geometric Interpretations of Hyperbolic Functions” by Helen H. Hale ’18; 
“Some Ideas of Statistics” by Christabel A. Christie 18; reports of commit- 
tees on the annual banquet and on new books. 

April 29: “ Relativity’ by Charles D. Hurd ’18; ‘“ Application of Mathematics 
to Every Day Life” by Doris A. Bourne ’18; Review of Skinner’s Theory of 
Investments by Ruth Taylor ’18; election of officers for 1918-19. 

May 4: Annual banquet. 

“Tt is the duty of every member who presents a paper to copy it in a blank 
book provided for that purpose. We have three large volumes of such papers 
in our library—covering the time from 1903 to the present.” 


THe PenTAGRAM, University of Texas, Austin, Texas. 


As the result of Professor Albert A. Bennett’s initiative, The Pentagram was 
organized on October 18, 1916, “to assist in promoting the interests of mathe- 
matics among the students of the University of Texas.” Papers and problems by 
both the students and staff of instruction constituted the program of biweekly 
meetings. “The heaviest duty fell of course on Professor Bennett, who sug- 
gested most of the problems as well as the subjects of most of the papers. His 
unwearying enthusiasm was contagious and the interest never flagged. The 
club counted over 30 members! and at the close of the term a banquet was held.” ? 

The name of the club was chosen by the charter members for two reasons: 
“One was because the pentagram was intimately connected with the beginnings 
and early growth of mathematics; and the other was because of its significance 
to every Texan, Texas being called the Lone Star State, there being five letters 
in the word, Texas having fought under five flags and having served under five 
governments, and the State seal being a five-pointed star artistically wreathed 
and engraved.” 

Under its constitution the club regards as eligible to membership: (1) “those 
students who have completed an equivalent of five terms of work in mathematics 
with an average grade (in mathematics) of B; (2) all graduate students in mathe- 
matics and persons in the city teaching mathematics of high-school grade; and 
(3) those students who have completed mathematics 3 (first-year calculus) or 
its equivalent and are continuing the study of mathematics. Other persons 
may be elected to membership by a two thirds vote of all members present at a 
regular meeting and with the approval of the council (which consists of the 
president, vice-president, secretary-treasurer, student member, and faculty 
adviser). All members of the mathematical faculty teaching staff are invited 
to join. Other members are elected after an invitation by the council.” 

The Club uses printed cards of invitation (3 X< 5 inches) with the following 
inscription: “The Pentagram invites to Membership ........ This Club 


1 Average attendance about 20. 
2 “Mathematics Clubs,” The Texas Mathematics Teachers’ Bulletin, April 1, 1917, Vol. 2, 
p. 33. Professor Bennett is now captain in the coast artillery. 
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meets twice a month to consider mathematical topics of interest to the under- 
graduate. Dues, one dollar, payable in the winter term. Address acceptances 
Secretary.” 

A facsimile of The Pentagram’s certificate of membership is given on the 
opposite page. The original is printed on cardboard. 

Officers, 1917-18: President, Charles E. Normand ’19; vice-president, Ruth 
Stocking ’18; secretary-treasurer, Dr. Goldie P. Horton, instructor in pure mathe- 
matics; faculty member of the council, Professor Thomas McN. Simpson; 
student member of council, Lloyd Kerr ’18. 

The following programs have been given: 

October 18, 1916: Organization meeting; short talk by Professor Milton B. 
Porter on ‘‘ What a Mathematics Club can Accomplish.” 

November 1: “ History and Significance of the Name Pentagram,” by Clarence E. 
Brand ’17; “The History of Algebraic Notation” by Henry H. Hammer ’18. 

November 15: “Intuition in Mathematics” by Professor Porter. 

December 6: “Some Propositions in Number Theory” by Amelia K. Benson ’17. 

January 10, 1917: “Map-making” by Rufus R. Rush ’16. 

January 24: “Trigonometrical Series” by Hyman J. Ettlinger, instructor [at 
this time] in applied mathematics. 

February 7: “The Computation of Logarithm Tables” by Thomas B. McCarter 
16. 

February 21: “Point Sets” by Dr. Goldie P. Horton. 

March 21: Roll-call program, each member responding to roll-call with some- 
thing of mathematical interest: an incident, quotation, problem, or the like. 

April 4: “Some mathematical Instruments: Planimeter, Slide-Rule, Inversors, 
Sextant” by Llewellyn Notley ’17. 

April 19: “Some mathematical Problems: The Pythagorean Relation, Some 
Number Relations, Some Analysis Situs Relations” by Professor A. A. 
Bennett. 

May 3: “Philosophical and Mathematical Views of Infinity” by Clarence E. 
Brand ’16. 

October 17, 1917: “Why We Study Mathematics” by Professor M. B. Porter. 

October 31: “ Newton, Man and Mathematician” by Professor T. McN. Simpson. 

November 14: “The Dimensionality of Space as dependent on the Choice of the 
Elements” by Lloyd Kerr ’18. 

November 28: “The Equation of Life” by Ruth Stocking 718. 

December 1: Open meeting, “How we aim the Big Gun”! by Professor A. A. 
Bennett, Captain C. A. R. C. 

December 12: “Dialling” by Professor Porter; “The Equation of Time” by 
Professor Simpson. 

January 16, 1918: “The Mathematical Theory of the Chemical Balance” by 

Charles E. Normand ’16. 


1Cf.. “ Remarks on mathematics of artillery,” by A. A. Bennett, in The Texas Mathematics 
Teachers’ Bulletin, May, 1918, pp. 9-16. 
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January 30: “The Theory of Flight” by H. J. Ettlinger, adjunct professor of 
applied mathematics. 

February 13: “Continued Fractions” by Bertha Potash ’18. 

February 27: “Railway Transition Curves” by Marvin Nichols ’18. 

March 20: “The Logarithm as a Direct Function” by Dr. Paul M. Batchelder, 
instructor in applied mathematics. 

April 4: “The Use of the Mean-Value Theorem in Finding Linear and Curvi- 
linear Asymptotes” by Robert G. Wulff ’20; “The Derivative of Surface 
Area”’ by Essie Lipscomb 719. 

April 18: “Elementary Properties of Groups” by Lula Whitehouse °19. [Miss 
Whitehouse was absent on account of illness, and the topic was presented 
by Dr. Batchelder.] 

May 2: “Long Division as Taught in the Middle Ages,” by Clara Seymour ’18; 
“The Development of Arabic Numerals ”’ by Phillis Henry ’16. 

May 16: “Fitting Curves to Biometric Data” by Edward L. Dodd, adjunct 
professor of actuarial mathematics. 


TOPICS FOR CLUB PROGRAMS. 


11. Evter INTEGRALS AND EULER’s SPrRAL—SOMETIMES CALLED FRESNEL 
INTEGRALS AND THE CLOTHOIDE OR CORNU’S SPIRAL.! 


The integrals in question are 


: sin v 
| sin = —= dv 
0 0 WU 
COS 
cos = 4 —= dv; 
0 0 Vv 


and the equations of the spiral are 


and 


8 8 
r= Kf cos s*ds, y=K sin s*ds. 
0 Jo 


These were considered by Euler at least as early as 1743 in a problem of his 
celebrated work on the calculus of variations: Methodus inveniendi lineas curvas 
maxime minimive proprietate gaudentes®. ... The discussion of the problem 
was somewhat as follows:’ Consider an elastic spring freely coiled up in the form 


1 For historical sketches and properties of this curve see F. Gomes Teixeira, T’raité des courbes 
spéciales remarquables planes et gauches, tome 2, Coimbre, 1909, pp. 102-107; G. Loria, Spezielle 
algebraische und transzendente ebene Kurven ... 2. Auflage. Band 2, Leipzig, Teubner, 1911, 
pp. 70-73. 

2 Lausanne & Geneve, MDCCXLIV, pp. 276-7. Cf. Verzeichnis der Schriften Leonhard 
Eulers bearbeitet von G. Enestrém. Erste Lieferung, Leipzig, Teubner, 1910, p. 16. See also 
P. 8. Laplace, ‘Sur la réduction des fonctions en tables,”’ Journal de l’ Ecole Polytechnique, tome 8, 
cahier 15, 1809, pp. 250-251. 

3 As Euler’s writings to which reference must be made are very scarce, it would seem best to 
give more details than otherwise would be necessary. 


of 
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of aspiral. Let us suppose that the interior extremity is fixed and that the spring 
can be developed into a horizontal position by a weight p suspended at the other 
extremity. Under these conditions the action of the weight on an element of 
the spring placed at a distance s from the extremity is ps; and the elasticity of 
the element preserves it in equilibrium. This elasticity is “the reciprocal of the 
osculating radius of the spring in its unrestricted state.” Setting r equal to this 
radius with respect to the part s of the spring, taken from its exterior extremity, 
we have ps = Ek*/r, Ek’ being a constant depending upon the elasticity of the 
spring. Let Ek?/p = a®. For the spring in its natural position we will thus have 
(1) rs = a’, “que est equatio naturam curve ... complectens.” Whence, 
introducing rectangular coérdinates, 


“r= | desin- & y= dscos- 

Euler then remarks: “From the fact that the osculating radius steadily decreases 
the longer the arc taken it is evident that the curve is not produced to infinity. 
The curve therefore will be in the nature of a spiral so that when the spiral is 
completed it is rolled up, as it were, in a certain point which may be called the 
center. The point seems to be very difficult to discover by this construction. 
Therefore we must admit that analysis will make no small gain should anyone 
find a method whereby, approximately at least, the value of this integral would 
be determined in the case that s is taken to be infinite. This problem does not 
seem to be unworthy the best strength of geometers.” 

Euler then expresses x and y as converging series in s for approximating to 
these values but adds that if s be made infinite the values of x and y cannot be 
determined in this way. He sets, finally, s?/2a? = v, obtaining 

a (‘sin vdv a (‘cos vdv 
2) 
v2 Vv 


v2 
and shows that approximate values of x and y could be found by considering the 
intervals v = 0 to v= 7, v= 7 to v = 2z, v = 2x to v = Bz, ---, and certain 
converging series “requiring long operations and very tedious calculations to 
evaluate them.” 

Thirty-eight years later, however, Euler had solved the problem completely. 
This solution is to be found in one of the last papers which he wrote (he died in 
1785). It is entitled “De valoribus integralium a terminus variabilis x = 0 
usque ad 2 = © extensorum” and was presented to the Academy at Petrograd 
on April 30, 1781.1. Again he considers the curve the radius of curvature at each 
point of which is inversely proportional to the are of the curve and is led, as 
before, to the equation rs = a? from which, Euler says, it would not be difficult 
to discuss the form of such a curve. He refers to the infinite number of whorls 


1 Leonhardi Euleri Institutionum calculi integralis, Vol. 4, Petropoli, 1794, pp. 337-345; 
editio tertia, Petropoli, 1845, pp. 337-345. German edition: Vollstdéndige Anleitung zur Integral- 
technung . . . tibersetzt von J. Salomon, Wien, 1830, pp. 321-328. 
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(infinitas spiras) about a fixed point “which may be called the pole of this curve.” 
He then proceeds to determine the coédrdinates of this pole. Introducing the 
angle of contingence (v) he is led to the form (3)! s? = 2a?v, from which he finds 
readily the equations (2). Concerning the evaluation of these integrals for the 
codrdinates of the pole he remarks that he had “recently found by a happy 
chance and in an exceedingly peculiar manner” that 


Euler’s method of evaluation is based upon that of { a™e-*dz = I'(n) 
0 


which, in turn, leads to 


I'(n) cos nex 


I'(n) sin ne , 
| x” . cos gadx =- 


f sin gadx = 


where p = rcosa,qg=rsina. Euler then sets g = 1, p = 0, n = § and finds 
the required result. He notes also: 


cos gadx T. a 
= coss, sin —=dx = , 

r 9 r 2 

x /0 VU 


1A curve with an equation of this same form was named by K. C. F. Krause “parabola 
originaris longitudinaris” (Nova theoria linearum curvarum, Monachii, anno MDCCCXXXV, 
p. 79). The reason for the name is clear. None of Krause’s discussion of the curve is worth 
referring to; Loria’s mention of it seems misleading in part. 

? These were the integrals investigated by Poisson in his “ Mémoire sur les intégrales définies,”’ 
Journal del’ Ecole Polytechnique, Paris, tome 9, cahier 16, pp. 215-246, 1813, especially pp. 215-219. 
See also Poisson, Nouveau Bulletin des Sciences par la société philomathique de Paris, 3 année, 
1811, tome 2, p. 251; Lacroix, Traité du calc. diff. et integ., tome 3, 2e éd., Paris, 1819, pp. 486-490; 
Grunert, Crelle’s Journal, Band 8, 1832, pp. 146-151; J. Plana, ‘Sur trois intégrales définies,’’ 
Acad. Sci. Mém., Bruxelles, Vol. 10, 1837; A. De Morgan, Differential and Integral Calculus, 
London, 1842, p. 630; Schlémilch, ‘Ueber einige Integrale welche goniometrische Funktionen 
involvieren,” Arch. d. Math. u. Phys., 1845, Band 6, pp. 200 ff.; E. F. A. Minding, “Ueber 


sin wo m= n> 0,” Arch. d. Math. u. Phys., Band 30, 1858, pp. 171-183; W. 


Walton, “On a Pair of Definite Integrals,’ Quarterly Journal of Mathematics, 1871, Vol. 11, 
pp. 373-375; J. W. L. Glaisher, “On certain Definite Integrals,’ Report of the British Association 
for the Advancement of Science, 1871, London, 1872, Report, pp. 10-12. 


3’ For p = 1 and g = 0 we find, on substituting ¢ for z, that e-tdt = Vx/2, an integral 


(of great importance in many parts of applied mathematics) definitely evaluated by Laplace in a 
memoir published in 1781 (Mém. Acad. Paris, 1778; C£uvres, Paris, Vol. 9, ‘‘Mémoire sur les 
probabilités”). The Euler integrals, and spiral in connection with the elastic spring, of these 
notes were also discussed by Laplace in “Sur la réduction des fonctions en tables,”’ Journal de 
VEcole Polytechnique, tome 8, cahier 15, pp. 229-265, 1809. A slip made by Mascheroni is here 
corrected; in his Adnotationes ad calculum integralen Euleri ec. (Ticini, M.DCCXC; [also L. 
Euler, Opera Omnia, series 1, Vol. 12, Leipzig, Teubner, 1914]) Mascheroni has a note on Cap. V, 
Sect. I, Vol. 1, entitled: ‘‘De integratione Formularum xdz sin 2, x"dz cos x,”’ pp. 38-57 [pp. 
454-471]. In the special case n = — } he gives (p. 53) V2z, instead of v7/2. 


a VT a Vr 


ds 


UNDERGRADUATE MATHEMATICS CLUBS. 


and the well-known result 


the evaluation of which “up to the present has defeated all known artifices of 
calculation.” 

While Euler was not the first to discuss some of the problems mentioned 
above, he was the first to publish any results of importance in connection with 
them. In 1694 (at the close of his memoir “Curvata Lamine Elastic” *) 
James Bernoulli (1654-1705) mentions among problems which might be worked 
out: To find the curvature a lamina should have in order to be straightened out 
horizontally by a weight suspended at one end. In the posthumous edition of 
his works, in 1744, there is a reference from this passage to a fragment entitled 
“Invenire Curvarum, cujus curvedo in singulis punctis est proportionalis longi- 
tudini arcus; id est, que ab appenso pondere flectitur in rectam.” * Here there 
is the equation rs = a? and a construction for points on the curve; but there is 
not the slightest indication that Bernoulli had any conception, such as Euler 
had, of the real form of the curve. 

In the nineteenth century the Euler integrals and spiral became of special 
interest through discoveries of Fresnel (1788-1827) in connection with the diffrac- 
tion of light. By making certain assumptions and approximations Fresnel 
deduced (in 1818)‘ for the intensity of the illumination at any point of a diffraction 
pattern 

I = cos + sin 


For this reason the integrals which here occur are often called Fresnel’s integrals. 
From what has been indicated above the value of each, for the limits v = 0 to 
v= 0, is 3. 


In his Note of 1818, Fresnel gave a table of the values of A = | cos 37v"dv 
Jo 


and B = n sin 37v"dv for values of v (differing by 0.1) from 0.1 to 5.1 (later 
0 


extended to 5.5), to 4 places of decimals. -This table is reproduced by E. Verdet 
in his Legons d’Optique physique (1869).> More detailed tables (to the nearest 
hundredth) were calculated by Abria.6 Modifications of Fresnel’s method of 
evaluating A and B, and criticisms and corrections of his results were given by 


1See G. H. Hardy’s discussion of eleven proofs of this in Mathematical Gazette, July, 1916, 
Vol. 8, pp. 301-303; see also Vol. 5, pp. 98-103, 1909, and Vol. 6, pp. 223-4, 1912. 

2 Acta Eruditorum, 1694, p. 276; Opera, Geneve, M.DCCXLIV, tome 1, p. 600. 

3 J. Bernoulli, Opera, tome 2, pp. 1084-1086. 

4 (Euvres completes d’ Augustin Fresnel, tome 1, Paris, MDCCCLXVI, pp. 176-181; see also 
pp. 198-9, 315-352. 

5 Publiées par A. Levistal, tome 1, Paris, 1869; cf. pp. 343 ff. German edition by K. Exner, 
Band 1, Braunschweig, Vieweg, 1881, pp. 236-309; the table is given on p. 240 and on p. 241 
A and B are graphed as oscillating curves. 

6 “Sur la diffraction de la lumitre,” Journal de mathématique pures et appliquées, 1839, tome 4, 
pp. 248-260. 
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Knochenhauer,! Cauchy,? and Gilbert.2 Knochenhauer’s method was good for 
small values and Cauchy’s for large values of v. Peters gives (I. ¢., page 48) a 
table similar to that of Fresnel but slightly more extensive, in that intervals of 
0.01 are considered from v = 0.01 to v = 0.10, and intervals of 0.05 from » = 0.10 
to v= 1.00. This is the table most frequently quoted;* but it should be re- 
membered that, except for some corrections and slight additions, it is identical 
with Fresnel’s given some forty years earlier. 

The tables of Ignatowsky® give (among other things), from v = 0.0 to v = 8.5 
(for intervals 0.1), the values of A and B to four places of decimals, and of 
log A and log B to six places. Lommel published® a table for 


2 * sin z 
A' | —<~ dz, B' = 


Wz 


from z = 0 to z = 50 at unit intervals. From z = 0.0 to z = 50.0 at intervals 
of 0.1, and to four places, it is printed in Jahnke and Emde’s tables.‘ 

In 1874 Cornu plotted Euler’s spiral accurately’ by means of Peters’s table. 
(Euler had already given half the spiral.) In a sketch of Cornu, Poincaré 
has written as follows:’ “Aussi, quand il aborda |’étude de la diffraction, il eut 
bientét fait de remplacer cette multitude rebarbative de formule herissées 
d’intégrales par une figure unique et harmonieuse, que ]’oeil suit avec plaisir et 
ou l’esprit se dirige sans effort. Tout le monde aujourd’hui pour prévoir l’effet 
d’un écrau quelconque sur un faisceau lumineux, se sert de la spirale de Cornu.” 
The expression “Cornu’s spiral” was used by Preston,’ Wood," and others before 
Poincaré" employed it in the sketch quoted; but the term is evidently highly 
inappropriate in the light of Euler’s discoveries set forth above. 

Besides the works on physics to which reference has been made already in 


1K. W. Knochenhauer (1) “Ueber die Oerter der Maxima und Minima des gebeugten 
Lichtes nach den Fresnel’schen Beobachtungen,’”’ Annalen der Physik und Chemie, Leipzig, 1837, 
Band 41, pp. 103-110; (2) ‘Ueber eine besondere Klasse von Beugungserscheinungen,” idem, 
1838, Band 43, pp. 286-292; (3) Die Undulationstheorie des Lichtes, Berlin, 1839, p. 36f. 

2 A. Cauchy, Comptes Rendus, Paris, 1842, tome 15, “‘ Note sur la diffraction de la lumiére,” 
pp. 554-6; “Addition A la Note sur la diffraction de la lumiére,” pp. 573-578. 

3 Ph. Gilbert, ‘Recherches analytiques sur la diffraction de la lumiére’”’ (mémoire présenté 
le 3 aotit, 1861). Mémoires couronnés . . . acad. roy. d. sc... . de Belgique, 1863, tome 31, 
pp. 1-52. 

4 For example: E. Jahnke und F. Emde, Funktionentafeln mit Formeln und Kurven, Leipzig, 
1909, pp. 23-26; R. W. Wood, Physical Optics, New York, Macmillan, 1905, p. 198. 

5 W. v. Ignatowsky, Annalen der Physik, 1907, Band 328, pp. 895-898. 

6. Lommel, Abh. Miinch. Ak., Band 15, 2. Abtheilung, 1880, p. 230. 

7 A. Cornu, (1) ‘Méthode nouvelle pour la discussion des problémes de diffraction dans le cas 
d’une onde cylindrique,”’ Journal de physique théorique et appliquée, Paris, 1874, pp. 5-15; (2) 
“Etudes sur la diffraction; méthode géométrique pour la discussion des problémes de diffrac- 
tion,’”’ Comptes Rendus, tome 78, 1874, pp. 113-117. 

8H. Poincaré, Savants et écrivains, Paris, Flammarion, [1910], p. 106. 

*T. Preston, The Theory of Light, 2d edition, London, Macmillan, 1895, p. 274 [4th ed., 1912, 


10 R. W. Wood, Physical Optics, New York, Macmillan, 1905, p. 158 and on the plate at the 
end of the volume. 

4 Loria seems to be in error here (J. c., p. 71). 
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connection with our topic we may note those by Drude,! Pockels,? and Chwolson.’ 
Lommel seems to have been the first‘ to observe the connection between A’, B’ 
and Bessel’s functions: 


Amongst the many methods for evaluating A and B reference may be given: 
(1) to the method of Godefroy’ who, by a slight modification of Laurent’s dis- 


cussion,® starts with f e-*"dx = Vr/2 and avoids all use of imaginaries; (2) toa 
0 


paper by Cayley’ discussing several interesting points which later occupied the 
attention of Glaisher,® Jamet,? and Humbert;!® (3) to other methods illustrated 
by Pierpont™ and d’Adhémar;” and (4) to Noumoff’s “Interprétation géomét- 
riques des intégrales de Fresnel” * in which the projection of helices generated 
by a certain parabola rolling on a right circular cylinder are curves the sum of 
the areas under which give the required values. The latter part of the article 
contains a description of a mechanical integrator for calculating the integrals A 
and B. 

In recent times Cesadro has given to Euler’s Spiral the name Clothoide™ and 
exhibited a number of remarkable properties of the curve.” Among these the 


1P. Drude, Lehrbuch der Optik, Leipzig, Hirzel, 1900, pp. 174-187; English translation by 
C. R. Mann and R. A. Millikan, London, Longmans, 1902, pp. 188-202. 

2 F. Pockels, pp. 1051-1064 of Handbuch der Physik, Zweite Auflage herausgegeben von A. 
Winkelmann, Band 6: Optik, Leipzig, Barth, 1906. 

30. D. Chowlson, Traité de physique, ouvrage traduit sur les éditions russe et allemande, 
tome 2, Paris, Hermann, 1909, pp. 652-656. 

4E. Lommel, “Ueber die Anwendung der Bessel’schen Funktionen in der Theorie der 
Beugung,” Zeitschrift fiir Mathematik und Physik, Leipzig, 1870, pp. 141-169. Cf. A. Gray and 
G. B. Mathews, Treatise on Bessel Functions, London, 1895, p. 41. 

5 A. Godefroy, “Sur les intégrales de Fresnel,’’ Nouvelles annales de mathématiques, 1898 (3), 
Vol. 17, pp. 205-206. 

6 H. Laurent, Traité d’analyse, tome 3, Paris, 1888, p. 137. 


7A. Cayley, “Note on the Integrals * cos x? dx and til sin x? dz,” Quarterly Journal of 


Mathematics, Vol. 12, 1873, pp. 118-126; also Collected Mathematical Papers, Cambridge, Vol. 9, 
1896, pp. 56-63. 


8 J, W. L. Glaisher, ‘On the Integrals sin and cos Quarterly Journal, 1875, 


Vol. 18, pp. 343-349. 

®V. Jamet, “Sur les Intégrales de Fresnel,’’ Nouvelles annales de mathématiques, 1896 (3), 
tome 15, pp. 372-376. 

© G. Humbert, Cours d’analyse, Paris, Gauthier-Villars, tome 1, 1903, pp. 307-08. 

J, Pierpont, Lectures on the Theory of Functions of Real Variables, Boston, Ginn, Vol. 1, 
1905, pp. 499-500. 

d’Adhémar, Exercises et Lecons d’ Analyse, Paris, Gauthier-Villars, 1908, pp. 23-25. 

18 Journal de physique théorique et appliquée, Paris, 1847 (3), tome 6, pp. 281-289. 

4 From the Greek word meaning to twist by spinning—since the curve spins or turns about 
its asymptotic points. 

15H. Cesiro, (1) “Les lignes barycentriques,” Nouvelles annales de mathématiques, 1886 (3), 
tome 5, pp. 511-520; (2) ‘Sur la courbe représentative des phenoménes de diffraction,’’ Comptes 
Rendus, 1890, tome 110, pp. 1119-1122; (3) Nouvelles annales de mathématiques, 1905, 4e série, 
tome 5, pp. 570-573. See also L’Intermédiaire des mathématiciens, 1916, tome 23, pp. 187-189. 
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following may be mentioned: (a) The clothoide is the only curve enjoying the 
property that the center of gravity of any arc is a center of similitude of the circles 
osculating the extremities of the arc; (b) when a clothoide rolls on a straight 
line, the locus of the center of curvature corresponding to the point of contact 
is an equilateral hyperbola asymptotic to the line considered. 

Wieleitner discussed “Die Parallelkurve der Klothoide.”! For different 
values of m the intrinsic equation rs” = a? represents a clothoide, a logarithmic 
spiral, a circle, the involute of a circle, and a straight line. 


NOTES AND NEWS. 
Epirep By D. A. Rorurock, Indiana University, Bloomington, Indiana. 


Assistant Professor J. L. Cootiper, of Harvard University, has been promoted 
to an associate professorship of mathematics. 


Dr. ANNA J. PELL, of Mount Holyoke College, will fill the vacancy at Bryn 
Mawr College caused by the resignation of Dr. Ottve C. Haz.err. 


At Leland Stanford Junior University Dr. H. C. Moreno has been promoted 
from an assistant to an associate professorship of applied mathematics. 


Dr. Ftora E. Le Srourceon, of the Liggett School, Detroit, Mich., has 
accepted an instructorship in mathematics at Mount Holyoke College. 


At the University of Illinois Mr. R. F. Borpen, a graduate student, has been 
appointed instructor in mathematics, and Mr. JosEpH Rosenpacu, of the 
University of New Mexico, has been appointed assistant in mathematics. 


Professor R. E. Moritz, of the University of Washington, has in School and 
Society, April 27, 1918, a Reply to Ernest C. Moorn’s paper “ Does the study 
of mathematics train the mind specifically or universally?’’, which was published 
in the same periodical on October 27, 1917. 


A fund of 150,000 crowns has been donated by Mr. C. HENNEvIG as a memorial 
to N. H. ABE, the income from which is to be used to encourage mathematical 
research in Norway. 


Professor E. V. HuntINGTON, President of the Mathematical Association of 
America, has taken leave of absence from Harvard University and with the rank 
of major in the national army is assigned to statistical study under the chief of 
staff with residence in Washington. 


Professor W. D. Cairns, of Oberlin College, Secretary of the Mathematical 
Association of America, is giving courses in the fundamental concepts of algebra 
and geometry and in the teaching of mathematics, and a graduate course in the 
calculus of variations in the summer session of Ohio State University. 


1 Archiv der Mathematik und Physik, 1907 (3) Band 11, pp. 373-375. 
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Three men received the doctorate in mathematics at the University of 
Chicago on June 11, 1918, W. G. Smon, E. P. Lane, and I. A. Barnett. 
Announcement was made last month of the appointments for next vear of Mr. 
Suron and Mr. Lane. It may now be added that Mr. Barnett has been ap- 
pointed to an instructorship in mathematics at Washington University, St. 
Louis. 

MassacuusETts InstiTuTE OF TECHNOLOGY. Summer Session, beginning 
June 18, 1918.—By Professor C. L. E. Moore: Solid analytic geometry; Calculus. 
—By Professor L. M. Passano: Integral calculus.—By Professor H. B. Pariures: 
Analytic geometry; Elementary calculus.—By Professor N. R. Grorae: Solid 
geometry; Elementary algebra. 


The Summer Session of the UNIVERSITY OF MIcHIGAN will extend from July 1 
to August 23, 1918. The following mathematical courses will be offered: Ele- 
mentary and advanced calculus, Differential equations, Advanced algebra, Pro- 
jective geometry, History of mathematics, Mathematical finance and insurance, 
and Theory of potential. The instructors will be Professors BEMaANn, Forp, 
KarPINSKI and BrapsHaw, and Dr. ALLEN, Dr. Netson, Mr. Rouse and Mr. 
CoE. 


InpIANA UNrIvERsITy. The mathematical courses announced for the year 
1918-1919 are as follows: By Professor S. C. Davisson: Differential equations, 
three hours; Theory of investment, three hours; Non-Euclidean geometry, two 
hours.—By Professor D. A. Rorurocx: Advanced analytic geometry, three 
hours; Theory of equations and determinants, two hours; Advanced calculus, 
three hours; History of mathematics, two hours.—By Professor U. S. Hanna: 
Analytic mechanics, three hours; Higher algebra, two hours. 


University oF ILuror1s.—The following courses in mathematics are an- 
nounced for the year 1918-1919, all courses being three hours during the year 
except as indicated.—By Professor E. J. TowNsEND: Functions of a complex 
variable; Differential equations; Advanced calculus.—By Professor G. A. 
Mi11E2: Continuous and finite groups; Theory of equations and determinants 
(first semester).—By Professor J. Stespins: Least squares (two hours, first 
semester).—By Professor J. B. Saaw: Fundamental functions (first semester) ; 
Functional transformations (second semester).—By Professor C. H. Sisam: 
Invariants and higher plane curves; Solid analytic geometry (second semester). 
—By Professor R. D. Carmicnak.: Elliptic functions.—By Professor A. Emcu: 
Projective geometry.—By Professor A. R. CraTHorNE: Actuarial theory.—By 
Dr. E. B. Lyris: History of mathematics (two hours, second semester).—By 
Dr. G. E. Wantin: Theory of numbers. 


The April Bulletin of the American Mathematical Society reports the following 
university and college teachers of mathematics as having entered the military 
service: Mr. J. E. Davis, of Pennsylvania State College, Mr. J. J. Tanzoua, of 
the U. S. Naval Academy, and Mr. A. L. Wecuster, of Columbia University, 
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have joined the national army; Mr. H. M. Trerri1x, of Columbia University, 
has been made ensign in the naval reserve; Professor V. H. WELLS, of the Uni- 
versity of Pittsburgh, has been commissioned lieutenant in the science and 
research division of the signal reserve corps; and Mr. Freprick Woon, of the 
University of Wisconsin, has been appointed lieutenant in the field artillery. 


Assistant Professor E. S. Smita, of the University of Cincinnati, has been 
appointed acting commandant in addition to his duties in the department of 
mathematics. 


At Wellesley College, Miss Roxana H. Vivian will be professor in the depart- 
ment of mathematics; she has also been appointed director of the department of 
hygiene. Miss Mary F. Curtis, Ph.D., of Radcliffe, and this year instructor at 
Woman’s College of Western Reserve University, has been appointed instructor 
in mathematics at Wellesley. For the year 1918-1919, Professor CLARA E. Situ 
will exchange professorships with Associate Professor FLoRENcE P. Lewis, of 
Goucher College. 


The eighth regular meeting of the Association of Mathematics Teachers of 
New Jersey was held at Asbury Park on May 18, under the presidency of Pro- 
fessor R. H. Rrvensura, of Peddie Institute. In addition to the addresses of 
welcome the program as announced was as follows: “Application of efficiency 
principles to a recitation in algebra,” by Dr. F. DuRE.L, of Lawrenceville School; 
“The centers of circles tangent to three out of four given lines,” by Dr. C. R. 
MaclInngs, of Princeton University; “Report of the committee on first year 
mathematics,” by Mr. A. W. Betcuer, of Newark High School. The meeting 
closed in the afternoon with the president’s address on “In darkest algebra, 
analysis of problems, and locus of a point,” followed by the annual business 
meeting and election of officers. 


The thirtieth educational conference of the academies and high schools in 
relations with the University of Chicago was held at the University on Thursday 
and Friday, May 9 and 10, 1918. At the Thursday Conference for principals 
and superintendents, Professor H. O. Ruae, of the School of Education, spoke 
on “Scientific method in the reconstruction of high school subjects,” taking for 
his chief illustration the courses in mathematics, while emphasizing the appli- 
cability to all courses in the high school curricula. In the afternoon the cur- 
riculum of the junior high school was discussed by several speakers, including 
Mr. J. R. Ciark of the Parker High School, Chicago, who presented the case 
for mathematics. On Friday afternoon, thirteen departmental conferences were 
held, all of which were attended by large numbers of teachers. In the mathe- 
matical conference, Professor Rugg spoke in greater detail as to proposed reor- 
ganization of mathematical work in the high school, with special reference to 
the first year. His topic was “‘ Ninth grade mathematics on trial,” and he set 
forth in convincing manner the plan and method recently published by the Uni- 
versity of Chicago Press in a Monograph by H. O. Ruae and J. R. Ciark, enti- 
tled “‘ Scientific Method in the Reconstruction of Ninth-Grade Mathematics.” 
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The Bollettino di Bibliografia e Storia delle Scienze Mathematiche, which has 
for some years been edited by Professor Gino Lorta, of the University of Genoa, 
is about to begin a new series. This series will be published by the scientific 
publishing house of D. Capozzi, of Palermo. The journal has filled a decided 
need on the part of the mathematicians interested in the history and bibliog- 
raphy of their subject. The change of publisher will enable Professor Loria to 
give even more assistance to students than he has been able to give in the old series. 


The United States Bureau of Education has recently issued a Union List of 
Mathematical Periodicals prepared by Professor Davip EuGENE Smits and Dr. 
CAROLINE EvustisSEELY. This list contains the leading mathematical periodicals 
needed by research students and to be found in a number of the larger libraries 
in various parts of the country. Copies may be secured by addressing the 
United States Commissioner of Education, Washington, D. C. 


The second number of Volume 3 of the Texas Mathematics Teachers’ Bulletin 
is before us. The Bulletin is edited by Associate Professor CaLHoUN and Adjunct 
Professor ETTLINGER, of the University of Texas, and is open to the teachers of 
mathematics in Texas for expression of their views, the editors, however, assuming 
no responsibility for statements or opinions not written by themselves. The 
content of the present number is intended to present elementary matter of 
interest to the teachers of mathematics in the high schools of the state. Among 
the topics discussed are “ Mathematics in everyday life,’ by T. M. Smpson; 
“High School Algebra,” by M. B. Porter; “The Length of the Circle,” by J. W. 
CaLHoun; “A new course in mathematics at the University of Texas (Introduc- 
tion to statistics),’”’ by E. L. Dopp; “The factoring of polynomials,” by P. M. 
BaTCHELDER; and a reprint from School and Society of Professor D. E. Smirn’s 
“A glimpse at early colonial algebra.” The mathematical department of the 
University of Texas has provided, during the past two summers, a special four- 
day Mathematics Teachers’ Conference held at the opening of the Summer 
Session of the University. Owing to the disturbed conditions of the country it 
has not been definitely decided to hold the Conference during the coming summer 
term. 


Professor R. C. AncutBaxp of Providence, R. I., will be glad to learn if any 
library in America contains B. E. Cousinery’s Géométrie élémentaire du compas 
(Paris, 1851), or where the volume may be purchased. 


THIRD SUMMER MEETING OF THE MATHEMATICAL 
ASSOCIATION OF AMERICA. 


The third summer meeting of the Association will be held by invitation of 
Dartmouth College at Hanover, New Hampshire, on Friday and Saturday, 
September 6-7, 1918, in conjunction with, and following, the summer meeting 
of,the American Mathematical Society. A joint dinner will be arranged for 
Thursday evening, September 5, and at a joint session on Friday morning the 
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subject of the mathematics of warfare is to be treated by men now actively 
engaged in government service. 

During the sessions of the Association on Friday and Saturday, Professor 
FiLor1aAN Casort, of the University of California, will deliver his address, as 
retiring president, on ‘‘ Plans for a History of Mathematics in the Nineteenth 
Century ”’; Professor W. F. Osaoop, of Harvard University, will speak ‘On the 
Mathematical Formulation of Physical Concepts and Laws as treated in the 
Calculus’; and Professor F. L. KENNEpy, of Harvard University, will give a 
paper on ‘‘Some Experiments in the Teaching of Descriptive Geometry,” the 
discussion being led by Dean O. E. RANDALL, of Brown University. Other fea- 
tures of the Association’s program will be announced later. 

For a session on Friday members are invited to submit papers on topics 
of their own choosing. Abstracts of such papers in a form suitable for pub- 
lication in the Secretary’s report of the meeting should be sent to Professor 
R. C. ArncurBpaLp, Brown University, Chairman of the Program Committee, not 
later than August first, in order to be approved by the committee in time for 
publication in the printed program; authors will please state the time necessary 
for reading their papers. No other announcement will be made until the pro- 
gram is mailed to members about the middle of August. 

The Committee on Arrangements, Professor J. W. Youna, Chairman, 
announces that Dartmouth College will open one of its dormitories for the 
accommodation of attending members. A separate entrance, or at least a sepa- 
rate floor, will be provided for ladies or married couples. Meals will be furnished 
under the auspices of the college at reasonable rates. The rates for the occu- 
pancy of dormitory rooms will probably be one dollar per day per person. 
Persons desiring to stay over Sunday and Monday for the purpose of making 
excursions into the neighboring hills and mountains can probably be accom- 
modated. 

Hanover is on the Passumpsic division of the Boston and Maine Railroad, 
five miles north of White River Junction, Vt. The railroad station is known 
as “Hanover, N. H.-Norwich, Vt.” Junction points for trains from the west 
are White River Junction, Vt. (Grand Trunk), Greenfield, Mass., and Spring- 
field, Mass. The White Mountain Express is a daily through train from New 
York, which passes through Hanover. An announcement of details regarding 
train connections will be made in connection with the program; it should be said 
here that the trains from the east, south and west reach Hanover between 2 and 5 — 
in the afternoon, no morning trains arriving in Hanover in time for a morning 
session. 

It is very important that members keep the Secretary informed as to their 
summer addresses, so that the program may be received promptly, as it will be 
mailed under second-class postage. 
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